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Abstract

We analyze linear-quadratic mean field games (LQ MFGs), where a continuum of agents
solves non-stationary, infinite-horizon linear-quadratic regulator problems. Each agent’s
payoff depends on her own state, her action, and the aggregate state, and agents face
both idiosyncratic and common shocks. Strategic complementarities arise when the
cross derivative of the period return with respect to own and aggregate states is pos-
itive, and substitutability when it is negative. The paper makes three contributions.
First, we characterize equilibrium existence, uniqueness, and dynamics, and show that
the strength of strategic complementarities maps directly into persistence: stronger
complementarities slow the convergence of the aggregate state, while substitutability
speeds it up. Second, we study the planner’s allocation and show that it amplifies
these dynamics, leading to more persistence under complementarities and faster con-
vergence under substitutability. Third, we study identification. With aggregate shocks,
panel data on deviations from cross-sectional averages do not identify strategic interac-
tions, as demeaning removes the equilibrium intercept. In contrast, aggregate dynamics
identify the strength of complementarities, and, more generally, allow recovery of the
interaction matrix and key structural parameters. Finally, we extend the analysis to
allow for coupling through higher moments of the distribution.
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1 Introduction

Strategic complementarities are often invoked as a source of amplification and persistence in
macroeconomics. But in dynamic environments with a continuum of interacting agents, it is
not clear how the strength of those complementarities maps into aggregate adjustment, how it
affects welfare, or whether it can be identified from panel data. When individual states both
respond to and help determine an aggregate state, equilibrium dynamics reflect two forces:
the propagation inherent in each agent’s problem and the feedback that operates through
aggregates. This paper isolates these forces in a tractable class of linear-quadratic mean field
games (LQ MFGs). We show that the strength of strategic complementarities governs the
persistence of the aggregate state, shapes the gap between equilibrium and planner dynamics,
and determines what can be learned about interaction effects from panel data.

We study a continuum of infinitesimal agents who choose controls that affect the drift
of an individual state. Agents face idiosyncratic shocks, and we later allow for aggregate
shocks. Payoffs depend on the agent’s own state, her action, and the cross-sectional aver-
age of states. As in standard heterogeneous-agent macro models, equilibrium has two parts.
Given a path for the aggregate state, each agent solves a linear-quadratic control problem
in which that path enters as a cross term with her own state. An equilibrium then requires
both optimality at the individual level and consistency between the conjectured path of the
aggregate state and the law of motion implied by the cross-sectional distribution of agents.
The cross derivative between the own and aggregate states captures whether states are strate-
gic substitutes or complements. The linear-quadratic structure is not only tractable; it also
lets the equilibrium be characterized with tools very close to those used in the single-agent
linear-quadratic regulator problem, and it arises as a second-order approximation to stan-
dard economic environments. We illustrate this with a model of monopolistically competitive
firms with convex capital adjustment costs. Around the steady state, the industry equilib-
rium reduces to our LQ MFG. Through equilibrium pricing, a firm’s marginal payoff depends
not only on its own capital, but also on average capital in the industry, which generates the
strategic complementarity term.

Our first set of results characterizes equilibrium and its dynamics. We recast the coupled
Hamilton-Jacobi-Bellman and Kolmogorov forward system as a finite-dimensional Hamilto-
nian system together with an algebraic Riccati equation. Intuitively, the equilibrium amounts
to a saddle-path configuration for the aggregate state and the slope of the value function
such that individual optimality and aggregate consistency hold simultaneously. This repre-
sentation yields transparent conditions for existence, uniqueness, and stability, and links the

equilibrium of the mean field game to the algebraic Riccati equation of the corresponding



single-agent problem. Whenever an equilibrium exists, it is unique, and existence requires
that strategic complementarities remain below a threshold. This threshold reflects a bal-
ance between the amplification induced by complementarities and the stabilizing forces in
the individual problem. Greater concavity in own states or controls, as well as stronger dis-
counting, dampen the response of individual decisions to the aggregate state and therefore
allow for a larger degree of complementarity while preserving equilibrium. Within this region,
the strength of complementarities maps directly into persistence: stronger complementarities
move the stable root of the aggregate law of motion toward zero and slow convergence to
steady state, while stronger substitutability speeds it up. In this sense, the paper provides
comparative statics of the equilibrium eigenvalue with respect to the interaction matrix that
captures strategic complementarities.

We next study the allocation chosen by a utilitarian planner who decides the controls of
the continuum of agents, subject to the law of motion of the cross-sectional distribution. The
planner maximizes the aggregate objective, taking into account how each agent’s decisions
affect the rest of the population. Relative to equilibrium, this means that the planner inter-
nalizes the effect of each agent’s state on the aggregate state and, in turn, on other agents’
payoffs. Under symmetric interactions, this effectively doubles the interaction term. This has
a clear implication for dynamics. When complementarities are present, the planner chooses
a more persistent transition than the decentralized equilibrium; under substitutability, con-
vergence is faster. In this sense, internalization amplifies the dynamic effects of strategic
interaction.

The third contribution concerns identification. We extend the model to allow for aggregate
shocks, under which the cross-sectional average becomes stochastic while its drift matrix
remains the same as in the deterministic case. Owing to the linear-quadratic structure, the
resulting “master equation” is particularly tractable, and the same equilibrium drift matrix
continues to govern aggregate adjustment. This makes the framework directly applicable to
empirical settings and yields a negative result: panel data on individual deviations from cross-
sectional averages do not identify the strength of strategic interaction, because demeaning
removes the intercept through which aggregate interactions operate. In fact, the result is
sharper than that statement suggests. By linearity, the law of motion for deviations from
the mean, as well as for actions relative to their averages, is independent of the interaction
matrix. That is, these deviations are identical for any degree of strategic complementarity
or substitutability.

At the same time, the model delivers positive identification results. Aggregate dynamics
do identify strategic complementarities. Once the private component of individual dynam-

ics is known, the equilibrium drift matrix of the aggregate state identifies the strength of



complementarities. More generally, with data on aggregate states, aggregate actions, and
individual deviations, one can recover both the interaction matrix and the key structural
parameters. The intuition is simple. Stronger complementarities make the aggregate state
more persistent, while the dynamics of deviations are pinned down by the private problem
and, by linearity, do not depend on the degree of interaction. In this sense, we show how
complementarities can be identified in practice: not from within-group variation, but from
the joint behavior of aggregates and individual outcomes. In the one-dimensional case, this
is particularly transparent, as identification amounts to comparing the autocorrelation of the
aggregate state with that of deviations. Although the results rely on matrix algebra, the un-
derlying mechanism is straightforward: complementarities affect persistence at the aggregate
level, but leave the dynamics of deviations unchanged. The analytical nature of the model
makes these relationships clear and yields a sharp characterization of both equilibrium and
identification, without relying on numerical computation.

We consider two extensions. First, we allow for forcing processes that affect agents’ states
but are not directly controlled. In that case, the system can be solved recursively, block by
block, and the main results continue to apply to the endogenous block. Second, and more
substantially, we allow payoffs to depend on higher moments of the cross-sectional distribu-
tion, not only on the mean. For example, the agent’s payoff can depend on her own state
interacted with skewness or other moments of the distribution. Around a symmetric steady
state, local dynamics remain tractable. The dominant stable root takes the same form as in
the benchmark model once strategic complementarity is replaced by an effective term built
from the coefficients on the odd moments. The remaining local roots are independent of those
interaction coefficients. Thus, as in the benchmark case, stronger effective complementarities
slow convergence, while substitutability speeds it up. Second, and more substantially, we al-
low payoffs to depend on higher moments of the cross-sectional distribution, not only on the
mean. For example, the agent’s payoff can depend on her own state interacted with skewness
or other moments of the distribution. Around a symmetric zero-mean invariant distribution,
local dynamics remain tractable. A key result is that the structure of the equilibrium is
preserved: once strategic complementarity is redefined to incorporate the contribution of
higher moments, the dominant stable root takes the same form as in the benchmark model.
The remaining local roots are independent of these interaction coefficients. Thus, as in the
benchmark case, stronger effective complementarities slow convergence, while substitutability

speeds it up.

Literature Review The literature on dynamic games with a continuum of agents has

been significantly advanced by the mean field games (MFG) framework introduced by Lasry



and Lions (2007). In their seminal work, the problem is formulated as a coupled system
of two partial differential equations: a Hamilton—Jacobi—Bellman equation for individual
optimization and a Kolmogorov forward equation for the evolution of the state distribution.
This dual-PDE approach has proven particularly effective in handling high-dimensional cross-
sectional dynamics, a strength that has been further leveraged in economic applications by
Achdou et al. (2017).

There have been several recent contributions in mathematics on linear-quadratic mean
field games. Caines (2009) provides an early overview of this literature. Bardi (2012) studies
linear-quadratic N-person games and their mean field limit with ergodic costs (i.e., similar
to the case p — 0) in a one-dimensional setting. That paper establishes conditions for the
existence of equilibrium by analyzing an associated algebraic Riccati equation, and considers
both strategic substitutability and complementarity. Bardi and Priuli (2014) extends several
of these results to the n-dimensional case. Tchuendom (2018) studies mean field games with
common noise in a related linear-quadratic framework.! Bensoussan et al. (2016) provides a
comprehensive treatment of linear-quadratic problems, and Huang and Yang (2021) studies
the planner’s problem in a linear-quadratic mean field game. While our formulation differs
from some of these setups, part of our characterization builds on this literature, in particular
the reduction of the equilibrium to an algebraic Riccati equation.

Relative to the applied mathematics literature, our contribution is fourfold. First, we es-
tablish a tight relationship between strategic complementarities and the persistence of equilib-
rium dynamics. Second, we characterize the difference between the decentralized equilibrium
and the planner’s allocation. Our analysis of equilibrium as the solution to an algebraic
Riccati equation allows us to adapt classical results from linear-quadratic regulator theory
in the undiscounted setting—most notably those of Kucera (1973) and Wimmer (1985)—to
derive necessary and sufficient conditions for the existence and uniqueness of stable solutions.
This approach also delivers clear comparative statics: as the degree of strategic complemen-
tarity increases, aggregate dynamics become more persistent, slowing convergence to the
steady state, with even stronger effects under the planner. Third, we introduce common
noise and use this extension to study the identification of strategic complementarities and
substitutabilities. Fourth, we extend the model to allow for coupling through higher mo-
ments of the distribution. In this case, multiple moments of the cross-sectional distribution,
rather than only the mean, enter the agent’s payoff. We show that our results on strategic
complementarities and persistence extend, locally, to this more general setting.

Finally, our work complements studies on the role of strategic complementarities in

LCompared to our setup, the coupling in Tchuendom (2018) enters through the drift of the law of motion
of the state, rather than through interactions between the individual state and moments of the distribution.



macroeconomics, including those on pecuniary externalities (e.g., Acemoglu, 1996) and tech-
nological externalities not internalized by prices (e.g., Baxter and King, 1991; Romer, 1986;
Cooper and John, 1988). To illustrate the flexibility of our framework, we present an ap-
plication based on a simple industry equilibrium model. In this economy, firms own capital
and adjust it by buying or selling the aggregate good, incurring convex adjustment costs.
Each firm produces a differentiated product under monopolistic competition, and these goods
are aggregated using a CES production function. Although the firm’s profit function is not
inherently quadratic, a second-order approximation around the deterministic steady state
yields a quadratic formulation. In this representation, the state variable is the deviation of
a firm’s capital from its steady state, while the aggregate state is the deviation of average
capital. This example highlights the broad applicability of the linear-quadratic framework
(Ljungqvist and Sargent, 2018) and illustrates how persistence in macroeconomic models is

shaped by the strength of strategic complementarities.

2 Mean Field Game Set Up, without aggregate shock

We assume that the period return function is quadratic in the following triplet: the idiosyn-
cratic state x € R", the cross sectional average of the state X € R", or “aggregate state”

and the action o € R¥. We write the period return function as follows:

F(z,m)+ R(a) = —32'Qz — X'z — 1aTa

where X = /xm(x) dx

where () and © are n X n matrices, where I' is an k& X k matrix, and where m is a density

over the states x. The state x evolves as a the following diffusion:
dr = p (o, ) dt + 2V2dW = (Ba — Az) dt + 2Y2dW

where W is an n dimensional standard Brownian Motion vector, where A is n X n matrix, B
is an n X k matrix, and where Y is the variance per unit of time of the idiosyncratic state.
Thus, the drift of the idiosyncratic state is (Ba — Ax), so that it can be controlled by the
action o € R*.

The agent uses a discount factor p > 0. The value function of the agent is denoted by

u: R" x Ry — R, where the state is (x,t). So the problem of the agent, taken as given the



path of {m(¢)} —and in particular the path of {X ()} is:

w(x,t) = max Ooe’p(sft) x(s), m(s ofs x(t) = x| ds
@t) = max [ E[(F(x(s), m(s)) + R(a(s))) | (1) = a] d

subject to dz(s) = (Ba(s) — Ax(s)) dt + SY2dW (s) for all s >t

for all t > 0 and all € R™, and where the expectation is with respect to {W}.

We maintain the following assumptions:

Assumptions AM:
1. positive discount factor p > 0,
2. the matrix I is positive definite, and X is positive semi-definite,
3. the matrix B has full rank, so that BI'"' B’ is invertible, and
4. the matrix () is positive definite.

where [, is the n dimensional identity. Note that the last condition is immediately satisfied
if either instead of assuming that () is positive semi-definite, one assumes that () is positive
definite, or if (A + Ing) has full rank.

These conditions are sufficient to show detectability and stabilizability. Recall that de-
tectability of @ and (—A — ) :there exists a matrix F* for which Re A (FC' —A—2) <0
where @ = C'C'.* Stabilizability of B and (—A — £): there exists a matrix L for which Re
A(BI=Y2L — A—2],) < 0, where Re A(-) means the real part of the eigenvalues of the
matrix. These assumptions imply that for © = 0, the single agent decision problem has a

unique finite solution. We state this as a proposition, whose prof is almost immediate.

PROPOSITION 1. The AM assumptions on ), A, B, T" and p imply that the pair (@, —A—£1,)
is detectable, and the pair (BI'"%/2,—A — £1,,) is stabilizable. Hence, the single agent LQ
problem for © = 0, i.e.the case where agents problem are independent of each other, has a

unique finite time invariant value function.

Example. An example of interest is the one where F(z,m) = F(x, X) and where F is

given by:

F(z,X)=—12'Quz — 1¢'Tg = —12'Qoz — 1 (v — DX)'T (z — DX)

2 Alternatively, detectability means that for any vector v and scalar A with (A+ £1,)v = Avand Re(A) <0,
then Cv # 0.



for three n x n matrices Q)y, B and D, with )y and T being two positive definite matrices.
The vector of gaps, g = x — DX, is given by the excess of x over a linear function of the X’s,
using the n x n matrix D. For instance, we can take D = Diag(d;), a matrix with scalar d; in
each element of the diagonal, and hence g; = x; — d; X;. In this case the sign (and size) of d;
controls whether the game as strategic complementarity (d; > 0) or strategic substitutability
(d; < 0). In this simple case if d; > 0, then F(x, X) is maximized when z; = d; X; for all i.

In this case we can write:
F(z,X)=-12"(Qo+T)x — iX'D'TDX + 32/TDX + 1 X'D'Tx
Mapping this back to our notation we can take
Q=Qo+T and © =-DT

where we are suppressing the term —%X 'D'TDX since, it is an additive term not under

control of the agent, and hence it does not change the decisions of the agent.

Strategic Complementarity /Substitutability and Potential Games. The previous
example, as well as standard notion for a static game where x is taken to be the strategy
of a player, and X the summary of the strategy of the others player motivates the following

definition:

DEFINITION 1. We say that the MFG features strategic complementarity or substitutability

2

0x0X

2

0x0X

if

F(x,m) = —0 is Negative Definite the MFG has Strategic Substitutability

if

F(x,m) = —0 is Positive Definite the MFG has Strategic Complementarity

In the scalar case a game has either strategic substitutability or complementarity. In the
vector case, this does not cover the case where either © is not symmetric, or when it is neither
positive definite or negative definite.

To interpret the assumptions of © such as being symmetric, or being Positive/Negative
definite we introduce a static game defined by F. In this game, there is a continuum of
agents, each agent has payoff F'(z,m) of choosing x € R™ if the rest of the agents chose
actions whose distribution is m. Such a game is referred to as a non-atomic game, and since
x € R"™ it corresponds to the continuum case. A sub-class of this games are the potential

non-atomic games, where the payoff function is given by the derivative with respect to m of



another function, called the potential, which we denote by F(m). In our case, if the matrix

© is symmetric, F' defines a potential game with the following potential:

/x’an(x)dx ~1 (/zm(z)dz)/@ (/xm(m)dw)

/x'Qmm(x)dx—%X’@X (1)

F(m) =—

N[ =

N =

Using the following notation for the functional derivative of F:

F(m+¢) = F(m) + / WC@)CM +o(]|C]]) for all ¢

then we define
Flz,m)=—"—""=-1/Qz —2'0 (/zm(z)dz) =-1/Qr —1'0X

where we use that © is a symmetric matrix. The symmetry of O, ensures that the externalities
are themselves symmetric, i.e that a;i (g)’g?) = a;fj (g}g‘).

For a non-atomic game with a potential, every local maximum of the potential is a Nash

equilbrium. Furthermore, for a non-atomic game with a potential F that is concave in m,
the set of Nash equilibrium is a convex set given by its maximizers, and if the concavity is
strict it has a unique Nash equilibrium, see Cheung and Lahkar (2018). Note that in our
context concavity of F in m is equivalent to —O being negative definite. Or, in term of the
previous definition, concavity of the potential is equivalent to the MFG displaying strategic
substitutability. We return to the implication of substitutability below when we refer to LL
monotonicity.

Next we define the MFG using the p.d.e.’s for the value function and density.

MFG as coupled p.d.e.’s. We can write this problem recursively, so the HJB is the

following non-linear p.d.e.:

pu(z,t) = F(x,m(t)) + H(uz(x,t),x) + % Z Z Oijlge; (T, 1) + uy(2, 1)

2 J

/ / 1
7 J

= —52'Qu — X ()0 + H(uy(,t), ) + tr (Suge(w, 1)) + w(z, 1)



where the Hamiltonian H : R™ x R® — R is defined as:

H(p,z) = max R(a) + p' (Ba — Ax)

acR”

for any p € R™. Note that, by the envelope, the drift is given by the derivative of the

Hamiltonian evaluated at the optimal action :

:u (Oé*(p, l‘),l’) = Hp<p7 :E) :

The law of motion of the cross sectional density m : R” x R, — R satisfies the following

Kolmogorov Forward equation:

n

(1) = = 3 (e ), 2) (e, 0),, 5 S s o

i=1 i
Replacing that the optimal action is given by the derivative of the Hamiltonian:

n

(e t) = = 37 (Hy (1), 2 12, 00), + 5 37D W (00

=1

for all t > 0 and all x € R™. This can also be written with the more compact notation
using the divergence and trace operator. In particular, for a fixed ¢ we regard f(z) to be
the prodecut f(z) = H,(u,(z,t),x)m(z,t) as a vector field over x € R", and use div for its

divergence, so that div(f)(z) = i, 5= f(z). Furthermore, we use tr for the trace of a

matrix, which we applied below to the product of the matrices 3 and %m(@ t) for a fixed
t. Thus we can write:
me(x,t) = —div (Hy(uz(z,t), ) m(z,t)) + %tr (X My (2, 1))
The initial condition is
m(z,0) = my(x) for all z € R"
for some mg(z). Thus we can define:
X(t) = /asm(:v,t) dx for all t > 0 or

Xi(t):/~--/xim(x,t)dx1...d:cn forallt >0andi=1,...,n



Boundary conditions. We will seek solutions for u that satisfies:

lim e ™ E [u(z(t),t) | 2(0) = ] = 0

t—o00

for all z € R". For m we seek solutions that satisfy: [ ||z||"m(x,t)dz < oo for all ¢ for some
r > 2. We assume this condition is satisfied by my.

This restriction implies that:

1:/m(a:,t)da: for all ¢ >0

0= Jm m(wt)=_lm m(et)= lim m (@)=l m (1)
= lim z;m(x,t)= lim z;m(x,t)
Ti—+00 T;—>—00

Furthermore, we will restrict attention to equilibrium where the path of the discounted
square of X's are integrable. This is to ensure that the utility of the representative agent it

finite. In particular we define the set Lz as:

Li = {X : Ry — R™ with /0 e P X ()|)2dt < oo}
We will return later to clarify the sense in which condition is necessary u(x,t) to be finite.

DEFINITION 2. An equilibrium for the MFG given my is a value function v : R" x R, — R,
a density m : R™ x R, — R, and the first moments X € Lﬁ satisfying:

pu(z,t) = —22'Qu — X'Ox + H(ug(2,t),x) + 5tr (S uga(2, ) + (2, 1)
1
me(x,t) = —div (Hy(uz(z,t), ) m(z,t)) + étr (X e (2,1))
for all z € R™ and t > 0 where
H(p,x) = max —1a'Ta+p' (Ba— Az) for all (p,z) € R*"
acR

X(t) = /xm(m,t)da? for all ¢ >0

with m(z,0) = mo(z) and the boundary conditions for m and u specified above.

We can specialize the definition of an equilibrium for a steady state as follows:

DEFINITION 3. An steady state is given by a vector X € R™ and two functions @ : R* — R

10



and m : R" — R, satisfying :

pu(z) = —22'Qu — X'Ox + H(Uy, ) + 5tr (X gy ()
0 = —div (Hpy(t,(x), z)m(z)) + str (Mg, (z))

for all  and the vector X satisfies

X = /xm(x)dx

Lasry-Lions Monotonicity. Finally, here we verify that —© Negative definite is equiva-
lent to the Lasry-Lions monotonicity condition. For drift control MFG, the LL Monotonicity
condition has been shown to ensure that the equilibrium is unique —not just the uniqueness of
the static game defined by F. For completeness we recall that the Lasry-Lions monotonicity

condition states that for any two densities m! # m? the following inequality holds

0> / (F(z,m') = F(z,m")) (m'(z) — m*(z)) dz

:/ (—2'0 (X' = X?)) (m'(z) — m*(2)) da
=(X'-X?) (-0)(X'-X?).

Thus, LL monotonicity in this context is equivalent to —© being Negative definite, or that the
game features strategic substitutability. Recall that under LL. Monotonicity the equilibrium

of a mean field game is unique.

3 Example: Industry equilibrium

In this section we present an example based on an industry equilibrium where monopolistic
competitive firms produce differentiated goods using a decreasing returns technology, and
face capital adjustment cost. In this setting the source of strategic complementarity for a
given firm comes from the effect of the capital in the hand of the rest of the firms in the
industry on the relative price of the firm. As the industry capital is higher, the price of a firm
with a given output increases, as its goods is more scare. This effect increases the marginal
value of an extra unit of capital on this firm.

A firm with capital & produces a quantity k£”, where 0 < v < 1, of a differentiated

11



good. These differentiated goods are demanded by a constant-returns-to-scale sector which
combines them in a CES with elasticity of substitution n. This gives rises to a price for
the firm with & when total output of this industry is Y (¢) equal to (k*/Y (¢))™"/", in units
of the aggregate output. Thus, the revenue of this firms is (k*/ Y(t))fl/ "Tk¥. This firms
can change its capital k£ buying a quantity of aggregate good 7, and its capital evolves as
dk =1 — 0k + kadW , where W is a standard BM, and dW it is interpreted as a “shock” on
capital quality. The firm also pays (i —0k) in adjustment cost, in units of aggregate output.
The adjustment cost function v (+) is assumed to be positive and convex in its argument, and
to satisfy ¢(0) = 0. Consumers have linear inter-temporal utility in the aggregate good, and
discount future consumption at the rate p. Thus, in this economy aggregate output Y (¢)
satisfies Y () = C(t) + 1(t) + V(t) where C(t) is aggregate consumption, I(t) is investment,
and W(t) is the total amount of goods used in capital adjustment cost.

The firm faces a path for industry output {Y'(¢)}. Each firm problem can be summarized
by the following HJB equation:

Evo\ Y _ k252
pi(k,t) = (Y(t)) K+ H (0p(k, t), k) + U (K, t) + 0(k, t) for all k >0, >0 (2)
H (p, k) = maxp (i — 6k) — i — (i — 6k) for all p, k (3)

where 0(k, t) is the value function, the function H is the Hamiltonian, and the optimal policy
is given by i*(k,t) = H, (0x(k, 1), k). Industry total output is given by:

1/(1—-n)
Y(t) = [/ (k;”)l_l/" m(k,t)dk forall ¢t >0 (4)

where m(k,t) is the density at time ¢ of the firm with capital k. It evolves with time as:

ik, t) = — (H, (,(k, 1), k) in(k, £)),, + (362620 (k, 1)), for all k,t > 0 (5)

1= /m(k’,t)dk for all ¢ > 0 (6)

with m(k,0) = mg(k) for a given my(k). An MFG equilibrium is a couple of functions
0(k,t),m(k,t) and a path Y (t) satisfying equation (2), equation (3), equation (4), equa-
tion (5), and equation (6).

The preceding MFG does not fit into our Linear Quadratic MFG. The nature of the
approximation is to consider small uncertainty and small deviations from the steady state
with no uncertainty.

We describe the steps to obtain a L(Q) approximation to it.

12



3.

. Eliminates the uncertainty, setting ¢ = 0. In this case the MFG has a degenerate

stationary distribution concentrated around a value k = k.

. Replace Y (t) by an approximation in terms of moments of m, and keep the first non-zero

term, which is the mean of k, which at steady state is K = k..

For this we set (i) set @ = 0 so the problems become deterministic, (ii) solve for the steady

state around k = K = k, (ii) take a second order approximation the period revenue function

(k" /Y ()" k" around k = k, (iii) take second order approximation to the adjustment

cost function v(-) around k = k, (iv) approximate the right hand side of Y (¢) with its

approximation around k(t) = K. This gives rise to a Linear Quadratic Mean Field Game.
In this case z = (k — k)/k and X = (K — k)/k where K = [ kmn(k,t)dk.

Now we give more details on the approximation. The value of output is approximated by

Y (t) =& K¥. This approximation is more accurate as ¢ get smaller. Defining the profit of a

firm with capital £ when the rest has capital K as:

f[(k;,K) — Kv/n v(=1/n)

In this model the steady state is given by k = K = k satisfying:

1

p+06 =Tk, k) =v(1—1/n) (k)"

The derivatives of II(k, K) evaluated at k = K = k are:

Q=T B = 220 (v (1= 1) 1) and _@EﬁkK(/;,;;):p—f%m
thusQ+@EpT+5(1—z/)

Now we can write a second order approximation to II(k, K), which we label II(z, X), as

(z, X) = (p+0)kx — s2Qr — XOx

where II(z, X), relative to II(k, K), we ignore constants, higher order terms on , and terms

that depends purely on X. The second order approximation to the adjustment cost function

gives:

Y(i — k) = Y(ka) ~ ¥ (0) + ¢/ (0)ka + 1E*¢"(0)a?
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given the assumed properties for ¥(+). Note that we have re-written the control in x units, i.e.
o = (i—6k)/k. We map this example into the LQ MFG by setting F'(z, X) = —%xQx—X@x,
the matrices B, A and I' are scalars given by B = 1, A = 0, and I' = £%)”(0) > 0 and
Y2 = ¢ = 5/k. Replacing these definitions we obtain the following HJB

pu(z,t) = —1aQz — X (¢)Ox + H (uy(x,t)) + %Qsz(I, t) + ue(x, t)
H (p) = maxpa — i’
which is exactly the one we use in the definition of an LQ MFG. We include a step-by-step
calculations in the appendix Section B which show that the HJB becomes:

Note that in this example, () and I' are positive definite, since they are both positive

scalars. It is also an example with strategic complementarity, since —© > 0.

4 Analysis of the MFG, without aggregate shocks

We want to understand the equilibrium for this model as a function of ©. We will first
study the maximization problem for the agents given the path of X. Then we will study the
dynamics of X using the aggregation and the nature of optimal controls. Finally we will put

them together to characterize the equilibrium as a dynamical system in 2n variables.

4.1 HJIB for u given X

In this section we analyze the value function u(x,t) for a given arbitrary path of X (¢). The

next very simple lemma gives the characterization of the Hamiltonian:

LEMMA 1. Hamiltonian. We use the functional form for R(a,z) and p(a,z) solve for

H(p,x) and H,(x,a) and write down the expression for the optimal a*(p, z).

H(p,z) = max R(a) + p' (Ba — Az) = max —3a'Ta + p'(Ba — Az)
a€Rk a€Rk

for p € R™. In this case the f.o.c. of the Hamiltonian gives:

o*(p,x) =T"'B'p
H(p,x) = 5p'BT'B'p — § (' Az + 2’ A'p)
H,(p,x) = p'BT'B — 2’ A’
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Next we argue that the value function is quadratic in z, with coefficients that are functions

of time.

Quadratic Value Function at each ¢. Given a path for { X (¢)};>¢ the agent problem is a
time-varying linear quadratic regulator problem. As such, its u(-,t) is quadratic is quadratic

in x for each . In particular, it must be of the form:
u(z,t) = Bo(t) + Bi(t)x + 22/ Ba(t)x for all t > 0 (7)

for three differentiable functions fy : [0,00) = R, 8 : [0,00) — R"™ and (5 : [0,00) — R™*™,
so for each ¢, where the matrix f(t) is real and symmetric.

For future reference we write the expression collecting the terms for each power of x:

ug(z,t) = B1(t) + 2/ Ba(t)
H(uy(z,t),2) = 181() BDT'B'Bi(t) + ' Bo(t) BT ' B' Ba(t)

FB(OD By(t)a — (BL(t) + o/ Ba(t)) Au
Hy(ua (1), ) = (B4(t) +2'Bs(t)) BT B' — 2’ A

The next step is to replace the form of the value function into the HJB.

HBJ given guess of value function, given a X path. We now write the HJB using the
guess in equation (7), the functional forms for F' and R, and the expression for H (u,(z,t)).
We use the assumed guess to compute u,,(z,t) and u;(x,t). We use dots to denote the time
derivatives of 3y, f; and fSs.

p (Bo(t) + B (t)a + 52" Ba(t))
=—32'Qr — X'(1)Ox
+ 181 ()BT ' B'Bi(t) + 32/ B2(t) BT ' B' Ba(t)x + B1(t) BL ' B/ B(t)
— 5 (B1(t) + 2'Ba(t)) Az — 32" A" (Bu(t) + Ba(t)7)
+ 3 Z Z 013 Ba,ij(t) + Bo(t) + Bi(t)x + 32/ Ba(t)x

Recall we can also use the trace operator to write: >, > 04;B2;(t) = tr (X Sa(t)).
Using the expressions derived above, and matching the terms which do not involve z’,
the ones linear in the vector z, and the ones quadratic in the vector x we obtain a system

of ordinary differential equations (o.d.e.’s) for [y, 51 and Bs. The o.d.e. have a “forcing”
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variable which is indexed by time by the presence of {X ()} for t > 0. In particular we get
three first order o.d.e.’s: one for the scalar [, one for vector 5, and one for the matrix (3.

We summarize this in the following lemma

LEMMA 2.  Given the quadratic guess for u the HBJ implies the following system of o.d.e.
given the path for X

pBo(t) = 3B1() BT B'Bi(t) + 5tr (S Ba(1)) + Po(t)
pBi(t) = =X'(1)O + B ()BT B'Ba(t) — B1(t) A + 5y (t)

%[752(75) = —%Q + %52(75)BF_IB,52(75) - %52@)A - %A/@(t) + %52(15)

We can rearrange the system of o.d.e.s omitting the ¢ index as:

Bo = pBo — 1BBT BB — 3tr (£ 5) (8)
By =B (pl, + A) + X'© — B{BT ' B'B, (9)
By =Q — BoaBT "B’ By + BoA + A'Bo + pf (10)

The next lemma is useful to characterize (3.

LeEmMMA 3. Concavity of u(+,t) for each t. Fix an arbitrary path X (¢). The function u(z, 1)

is concave in x for each ¢. This implies that each f(t) is negative semi-definite.

To show that u(-, t) is concave, use the sequence problem, as well as the integrated version
for the path of x as a function of the path of a. Then, for two initial values, there are
associated paths a; and as. The weighed average path is feasible, given the linearity of the

integrated versions. The objective function is concave, given the assumptions on () and I'.

Steady state HBJ for @. In this case 8; = 0 for i = 0,1,2. We solve the steady state
values, denoting them by f;, assuming that the steady state value for X is denoted by X.
We use that u(x,t) is concave in o to chose the correct solution for 3. We solve, recursively,
first for B,, then /31 as function of 35, and X, and then 3, as a function £y, f» and X.

16



from By =0 : By = %BiBF_lBlgl +tr (E 52) (11)
from B, =0:0'X = (pl, + A' — BT 'B') 3 (12)

from B = 0: BoBT'B'Bo = Q + BoA + A'Bo + pPs (13)

Next we turn to the interpretation and implications of the steady state HBJ, and the
Riccati equation for 5. Note that the problem for an agent in steady state, and its corre-
sponding value function u, are identical to one for which there is a linear term in the value
function in a single agent Linear Quadratic problem. As such, for given value of X, it is
a simple infinite horizon, linear quadratic problem, and then (; are constant for ¢ = 0,1, 2,
i.e. they are equal to B;. In this case the value of 35 is independent of X, since this has
become a parameter on the LQ problem. The solution of /3, is the standard (stable) solution
of the algebraic Riccati equation in equation (13). This is a well known property of the

linear-quadratic regulator problem.

4.2 System of o.d.e.’s describing MFG equilibrium

In this section we derive a pair of differential equations with a state and co-state structure.
The first result is to derive an o.d.e. for X, given the parameterization of the value function.

We obtain the following proposition

PROPOSITION 2. In the equilibrium of a MFG the vector X (¢) solves the following o.d.e.
given a path of 8(t) and [a(t):

X(t) = BT 'B'Bi(t) + (BT 'B'By(t) — A) X(t) for all t > 0 (14)

The proof of Proposition 2 uses the Kolmogorov forward equation and the time deriva-
tive in the defintion of X to obtain X = [ xmy(x,t)dz. Furthermore it uses the form of
H,(uy(z,t),z), and the shape of w,.

In the remaining of this section we derive a dynamical system that describe the equilibrium

for the MFG. We argue that it is given by the constant solution to the algebraic Riccati
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equation for 5, and the saddle path solution for a 2n first order linear system for (X, ),
given (5. Finally, we can obtain [y as the solution of a one dimensional o.d.e., given S, 5.

We can now write the dynamical system for {X, fy, 81, 52}

B2 = Q = BoBT ' B'fy + A+ A'By + pf2 (15)
Bi = (pl, + A — BT 'B) g, + 0'X (16)
X =BI'B'Bi+ (BT 'B'f— A) X (17)
Bo = pfo — 581 BT " BBy — 3tr (S o) (18)

where the only initial condition is for X(0), and f; must be negative definite for all ¢.
Note that the system is recursive, in that first one solve for the path of 3, solving the Riccati
equation, then given (3, one solves for the 2n linear dimensional system, with initial condition

X(0), and finally with the path of 8; given one can solve for the scalar f.

PROPOSITION 3.  In any equilibrium of the MFG we have (35(t) = (32, where 3, is the
unique negative definite solution of the Riccati equation (13). The system equation (15),
equation (16), equation (17) and equation (18) has the following recursive block of 2n first
order linear o.d.e. for (X, f;):

5 pl, + A’ — BT ' B’ e’ B 5

|
Il
X
—~
—_
=)
~—

X BI'B’ —A+ BB/, X X

Three comments are in order. First, if © is symmetric, the matrix H is a Hamiltonian
matrix, i.e. the sum of the diagonal blocks and its transpose is pl,. We refer to it as
MFG Hamiltonian matrix to distinguish it from the Hamiltonian matrix from a single agent
decision Linear Quadratic problem. Second, note that the matrix H, depends on (s, which,
as explained above, is independent of the steady state X. We turn next on what are the
possible values for the steady state X. It is clear that (£, X) = (0,0) is a steady state of
the system, i.e. X = 3; = 0 is a constant solution for equation (15) and equation (17) with
X(0) = X. Later on we will show that, generically in @, the value X = 0, is the only steady

state. Third, recall that while there is an initial condition for X, there is no initial condition
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for f.

4.3 MFG Equilibrium as a Saddle Path for (5, X)

In this section we study the saddle path solution of the 2n linear dimensional system in
equation (19) for the pair (81, X). They have the interpretation of a co-state, and state pair,

with an initial condition fo X and a boundary condition for ;.

PROPOSITION 4. Fix an arbitrary X (0). We look for a solution for the constant coefficient
linear differential equation (19) where £, (t) = SX(¢) for all ¢ > 0 for a fixed matrix S. This

matrix has to satisfy the Riccati like equation:

SBI'B'S=S(A—BI'B'p) + (A = 5Bl 'B') S+ pS+ 0 (20)

The solutions for (51, X) where $; = SX imply the following first order linear system for
X:

X =[BT 'B'S—A+BI'B'3,] X =[J + G] X where (21)
J=BI'B'Sand G= Bl 'B'pB,— A (22)

The expression for the o.d.e. in equation (21) for X has two different matrices: J that
depends on the coupling of the decisions for the agents, i.e. on ©, and G which does not,
i.,e. G gives the dynamics of the model if © = 0, or putting it differently G gives the

(average) dynamics of a single agent linear quadratic regulator. This suggest to write the
MFG Hamiltonian matrix H as:

pl, — G ©
H = (23)
Br-‘p @
This decomposition of the law of motion of X implies the following decomposition of x:

z(t) = 2(t) + X(t), dX(t) = [J + G] X (t) dt and dz(t) = G () dt + XY2dW (t)

where the process for {z} is the solution of the Linear Quadratic regulator with © = 0, which

under our assumptions AM has all the eigenvalues of G with its real part strictly smaller
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than p/2, and so { E[2(t)[2(0)]}i>0 € L.

We analyze the law of motion of {X ()} with two related type of related results. Eeach
solution S of equation (20) implies a matrix M = J + G whose n eigenvalues are a subset
of the 2n eigenvalues of the matrix H. This is a consequence from the fact that the linear
system (Bl,X)’ =H (ﬁl,X) has no initial condition for §; at ¢ = 0. Hence, the first type
of result analyzes the eigenvalues of the 2n x 2n matrix H, in Proposition 5. The second
type of result, in the next section, analyzes the eigenvalues of the n x n matrix M = J + G
directly, by examining a related Riccati equation. The following proposition is a standard

result, given the structure of the matrix H.

ProprosITION 5. If © is symmetric the eigenvalues of H occur in quadruples: if A is an
eigenvalue of H, then the following are also eigenvalues of the same matrix: —\ + p, A*, and

—\* + p, where * denotes complex conjugation.

Proposition 5 is a consequence that H, for the case of symmetric ©, has the structure of
Hamiltonian matrix. Proposition 5 has an important implication for uniqueness of equilib-

rium.

PROPOSITION 6.  There is at most one equilibrium to the MFG for which X (¢) = [J +
G| X (t), with {X () }1>0 € L2 for all initial conditions X (0) € R™.

In our definition of equilibrium we have imposed the requirement that the path {X (¢)};>0 €
L?. The next lemma shows that, when 5@ + © is positive definite, if {X(t)};>0 ¢ L2, i.e.
if the real part of a root of the matrix J + G is higher or equal than p/2, then the value
function of the representative agent diverges towards minus infinity. In other words, the next

lemma explains why we require for an equilibrium that {X(t)},>0 € L.

LEMMA 4. If M = J + G has an eigenvalue with the real part larger or equal to p/2,
and if %Q + O is positive definite, there is no finite solution for the value function of the
representative agent, i.e. the value function of an agent with z(0) = X (0) diverges towards
minus infinity for some values of X (0). Conversely, a sufficient condition for the value function
u(z,t) to be finite at all ¢ > 0 for all initial conditions X (0), is that the real part of all the
cigenvalues of M = J 4 G be smaller than p/2.

4.4 Riccati equation for the MFG dynamics

We start the section describing an auxiliar Riccati equation for .S, which gives an alternative

characterization of J + G.
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PROPOSITION 7. Let P an n X n matrix that solves the following Riccati equation:
PBT'B'P=(Q+0)+pP+PA+ AP (24)
Then S can be obtained as:
P=2S+p (25)
which implies that the matrix J 4+ G given the dynamics is:

J+G=BI"'BP-A (26)

The advantage of the auxiliar Riccati equation in equation (24) is that we can give nec-
essary and sufficient conditions for existence and uniqueness of the equilibrium of the MFG
by using known results for the solutions of the Riccati equations for the linear-quadratic
regulator problem. Moreover, we can analyze the effect of © on the dynamics of X by using
known results about the monotonicity of maximal solutions of Riccati equation (24), as a
function of matrix () + ©'. As a preliminary result, note that BI'"'B’P is a real symmetric
matrix, so all its eigenvalues are real. Thus, if J 4+ G has complex eigenvalues, it must be
due to A.

In the appendix Appendix A.1 we map the elements (matrices, vectors and scalars) which
are used in equation (24) and equation (26) describing the equilibrium of a MFG into the
elements typically used to describe the algebraic Riccati equation for the single agent undis-
counted linear-quadratic regulator problem. That literature has extensively studied the re-
lationship between solutions of the algebraic Riccati equation and stable close loop solutions
of the undiscounted linear-quadratic regulator problem. We also relate our maintained as-
sumptions with the concepts of stabilizability and detectability used in the linear-quadratic
regulator problem. We start with a necessary condition for the existence of an equilibrium

is that there is a limit to the strategic complementarity.

PROPOSITION 8. Let £=0+Q + (A'+21,) (BI'B')"" (A+21,). Then: (i) if there
is a MFG equilibrium, then F must be positive semi-definite, and (ii) if @ + © is positive

definite, then there exists a unique MFG equilibrium.

Several comments are in order.
(I) The necessary and sufficient conditions for the existence and uniqueness of an MFG

equilibrium are different, in particular the sufficiency includes that ) + © is positive definite.
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Indeed, one can construct a unique MFG equilibrium where E' is positive definite but Q) + ©
is not positive definite. A simple example is the case of one dimension, i.e. n = 1 in which
the positive definite condition for F is necessary and sufficient. In Section 4.6, it is shown
that the necessary and sufficient condition for the existence and uniqueness of an equilibrium

coincide for the n = 1 case. In this case we can write
E=0+Q+ (A +2L) (BI™'B) " (A+2L) =0 +q+ (a+p/2)*s

where § = ©,¢ = Q,a = A and 5 = (B"'I''B/)"' = 1/ (BI''B’) are all scalars. Thus if
the scalar ' > 0, then an unique equilibrium exists, and otherwise if £ < 0, no equilibrium
exists.

(IT) Furthermore, for n > 1 we can construct examples where the necessary condition
that E is positive definite holds, but the sufficient conditions () + © is violated, and where
no MFG equilibrium exists. Take n =2 and let B=1 =1,. Let Q + 0 = —%12, and thus
E=0Q+06+ (A +41)(A+ £1) where

Ao, [0.0 1.0]
—1.0 0.1

A computation shows that the eigenvalues of E are both strictly positive, i.e. they are

approximately than 0.40 and 0.61. The four eigenvalues of H = H — £1, are purely imaginary,

so the real part of the four eigenvalues of H are equal to p/2. Thus, no MFG equilibrium

exists for this example.

(III) The necessary conditions in Proposition 8 have a clear economic interpretation. Re-
call that concavity of the LQ problem in the own agent state x requires that that ) and I" be
positive definite. The expression for E takes into account the strength of strategic comple-
mentarity. Thus Q4+ © can be negative definite, as long as (A/ + g[n) (BF_lB’)f1 (A + §In)
be large enough.

The sufficient condition from Proposition 8 requires that the most strategic complemen-
tarity that it can be considered is © = —@Q + €l,, for some ¢ > 0. Yet we have seen that
there are examples, such as the one dimensional case, where this condition is not required.
The next two propositions considers the case of large discount rate p, or the case where A
has a large diagonal element, or the case of large curvature on the cost of actions, where it
is sufficient to assume that E is positive definite, regardless of @) + O.

First we consider the case of large p or large diagonal for A. Intuitively, in the case of
large discount rate, the agent is much less concerned with the future, which makes strategic

complementarity on the state not an issue. Also, if A has large eigenvalues, the state itself
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has a strong pull toward the steady state, which can counterbalance the de-stabilizing effect

of strategic complementarity.

ProrosiTioN 9.  Fix @, ©, B, I" and A(k) = A + aokl, and p(k) = pok, where ay >
0,p0 > 0 and ag + py > 0 and where k is a non-negative scalar. For large enough k, there

is a unique MFG equilibrium. Moreover, the eigenvalues of the law of motion of {X} are
A\i(k) = —agk + O(1/k*) for i = 1,2...,n.

We note that the expression for the eigenvalues, up to the term O(1/k) are the same as
in the one dimensional case.

The next proposition analyzes the case where I' is very large. In this case, it is inconvenient
for the decision maker to change its action, so even of () + © were negative definite, there

will be a unique stable MFG equilibrium.

PROPOSITION 10. Fix Q, ©, B, and p > 0. Assume that (A" + p/2)(B")"'ToB~ (A" +p/2)
be positive definite. Let I'(k) = k*I'y. For large enough k, there is a unique MFG equilibrium.
Moreover, if p is small relative to A so that det(A'(B')'TyB~'(A—pl,)) > 0, then eigenvalues

of the law of motion of {X} are negative, i.e. limy o Aj(k) <0 fori=1,2... n.

Next we adapt the results for the undiscounted case in Wimmer (1985) to study the
comparative static of the equilibrium with respect to the degree of strategic complementarity,
as measured by the (partial) order © in terms of positive definite matrices. In particular, we
use uses the partial order for matrices where M; > M, is defined by requiring that M; — My

is positive definite.

PROPOSITION 11. Assume that © 4 () is positive semi-definite and E is positive definite.
Take two matrices Oy, ©;. Assume that Oy — O, is positive definite. Let Fy, P, be the
maximal solutions for each the Riccati equation (24) for each ©;, where the real part of the

eigenvalues of BI'"'B’P; — A are smaller than £. Then P, — Py is positive definite.

Proposition 11 can be used to study how the dynamics of X depends on the degree of
strategic complementarity. This is because J + G = BI'"'B’P — A, where P depends on ©.
In particular, as explained in Section 2 and illustrated in the example, a matrix © that is
more positive definite indicates less strategic complementarity, sot that ©g represents a MFG
with more strategic complementarity than ©,. In this case P; is “more” positive definite than
FPy. Using the Courant min max principle, a matrix that is more positive definite, has higher
eigenvalues. Thus BI'"!B’P; has larger eigenvalues than BI'"'B’P,, and thus converges

faster. To summarize, higher strategic complementarity reduces the speed of convergence.
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4.5 Uniqueness and Stability of the Steady State

Now we are ready to discuss the uniqueness steady states of the model, and its stability.
We conclude that, at least for small discount rate, the steady state is unique, and given by
X = 0, and that the corresponding MFG equilibrium exist, it is unique, and converges to
the zero steady state.

The first proposition states that generically

PROPOSITION 12. For any parameters, X = 3; = 0 is a constant solution for equation (15)
and equation (17) with X (0) = X. Then there is a non-zero steady state X # 0 if and only
if 0 = det (@ +Q+ A (BI'B) " A+ p(Br'B)"! A). Thus, for generic positive definite

matrices @, or for generic symmetric matrices © , only the X = 0 steady state exists.

The next proposition assume that below some level of strategic complementarity, for
small discount rates, the MFG equilibrium is unique, the steady state is unique, and the

equilibrium X () converges to the steady state.

PROPOSITION 13. Assume © + (@) is positive definite. There exist p € R, such that for all
p € [0,p), then: (i) the MFG equilibrium exists and it unique, (ii) the steady state X = 0 is
unique, and (iii) for any X (0), the equilibrium path X (t) — 0 as t — oc.

4.6 Analysis of the Scalar Case

In this section we fully characterize the case where the state is a scalar i.e. n = 1. In
particular we study the speed of convergence, existence, and uniqueness of equilibrium as
function of the strength of strategic complementarity. While x is a scalar, o is a k > 1
dimensional vector.

We use the following notation for each of the the following three scalars Q = ¢ > 0, A =
a,©® = 0. In general I' is a k x k matrix and B a 1 x k vector. We define the scalar
v =1/ (BT 1B).

In the scalar case, the dynamical system X = (J + G)X, where J + G is a scalar, and
given Proposition 5 will have to be the eigenvalue of H where the real part is smaller, which
we denote by Aq, so that X = A X. Note that for the value function u to be finite Lemma 4
shows it is sufficient that A\; — p/2 < 0 and necessary if ¢ + 6/1 < 0. Computation of the

eigenvalues gives:

o1 Zgi\/<g>2—det(7{) where (g)Q—det(’H) — </—)+a>2+ q+0
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We summarize the results in the following proposition.

PROPOSITION 14. Define the thresholds 8* and 6** for the value of the strategic comple-

mentarity 6 as:

2
0<—0"=ala+p)yp+qg<—0"=n~p <g+a) +q

The value of —6* is larger than one and increasing in p,a and ¢q. The two thresholds are
related by —0** = —0* + v(5)*. The equilibrium has X () = e’ *X(0) with:
oM\ O\

—— <0,and ————— <0
ok q—+0)/vs

for —0 < —0**. Whenever the equilibrium exists, it is unique. Furthermore

1. If —oo < —0 < —0* there is a unique saddle path stable solution of the o.d.e. where
X (t) converges to X = 0 at the rate \; < 0. This is an equilibrium of the MFG.

2. If —0 = —6* there is a unique solution of the o.d.e. with A; = 0, where X (t) = X(0)
all t. This is an equilibrium of the MFG.

3. If —6* < —0 < —0** there is a unique solution of the o.d.e where X (¢) diverges to +oo
at the rate 0 < A\; < p/2, depending on the sign of X (0). This is an equilibrium of the
MFG.

4. If —0 > —6* there is no equilibrium of the MFG.

The comparative static of —0* are quite intuitive: increases in a,p,yp or ¢ makes the
agent to disregard the effect of matching each other decision, i.e. increase the desire to make
2? small and then increase the critical value for the threshold —6*.

It is useful to analyze the equilibrium as the solution of the quadratic equation (24) since
Proposition 7 shows that J + G = BI'"'B'P — A = P/vyp — a. The quadratic equation

0= 5—; — (g +0) — (2a + p) P has a solution

a+0
VB

_ (2a+p) = /(2a+p)?+4g+0)/v8 L P
"= 2/78 s (a+8) = \/( o)

25



which is real if and only if

P
0>—— (a + g) < —0 < —0" or equivalently
B

0<q+0+ @+ 5=q+0+(a+2) (Br'B) " (a+2)

The last condition is the scalar version of the necessary and sufficient condition for a real

solution in of the Riccati equation Proposition 8, namely that the matrix
E=Q+0+ (A+2L,) B7'T(B) " (A+Ll,)

be positive definite. Thus in the scalar case, whenever the necessary condition for the exis-
tence of an equilibrium is satisfied, then there is a unique real solution.
As in the general case, (31, X) = (0,0) is a steady state. We know analyze the conditions

under which it is the only steady state. As in the general case, this is equivalent to

-

so a non-zero steady state requires that H be singular. Using the computation above, this

occurs if and only if § = 6*. Thus, fixing ¢, 6, v and a > 0, having a non-zero steady state

is non-generic in p. Moreover, if a?yg + 0 + ¢ > 0, then \; < 0 for any p.

5 Planner’s problem

In this section we study two planner problems: a utilitarian planner problem and a planner
problem whose solution coincide with the equilibrium.

The utilitarian planner period return function is given by the cross sectional integral of the
period return of each player. The planner controls the action of the agents at each time and
state a(x,t). The planner takes as given the law of motion given by the Aolmogorov Forward
equation. We write the Lagrangian for this problem, appending a Lagrange multiplier to the
law of motion for m for each x,¢. We obtain a representation of the Lagrangian which has
the same structure as the equilibrium for the mean field game. Using this representation we

relate the properties of the equilibrium to the one of the utilitarian planner. The utilitarian
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planner period return function is thus:

U(m) = / Fa, m)m(z)dr = — 1 / ' Qum(z)dr — ( / 2m(2) dz),G ( / 2m(2) dz)

— -1 / 2'Qrm(z)dr — X'OX (27)

This function is different from the Potential of the static game F introduced above in equa-

tion (1). To see this this differentiating with respect to m we obtain

oUu(m, x)

o = —32'Qr — 1'0X — X'Oz = —32'Qr — X' (0’ + ©) z # F(x,m)

There are two differences between U and F. For the potential F defined in equation (1)
we require © to be symmetric. Second, in the potential F there is a factor 1/2 multiplying
X'©X, which is absent from the utilitarian planners problem. This factor is responsible for
the difference in the equilibrium path vs the solution of the utilitarian planner.

We let e ”*\(x,t) be the Lagrange multiplier for the Kolmogorov equation at time ¢ and

state x. The Lagrangian for the utilitarian planner problem is:

T
L = max min lim et {U(m(t)) -3 /o/(:r, t)Mafx,t)m(z,t)dx| dt

{m,a} {A} T—oo 0

+/O /e"’t)\(x,t) div ((Ba(z,t) — Az) m(x,t)) dz dt
+/0 /e_pt)\(m,t) (3tr (Smye(z,t)) — my(x, t)) dodt (28)

where mq(x) is given. We assume that A(z,t) and A\, (z,t) satisfy:

)\((L’,t) ||Ax($7t)||

im 5 < oo for all ¢
lall—o0 ||| el ||
As before, we restrict m so that there is a r > 2 so that [ ||z|["m(x,t)dx < oo for all ¢ > 0.

ProproOSITION 15. The solution of the utilitarian planner problem is characterized by the

following set of coupled partial differential equations for all ¢ > 0 and x € R™:

pA(z,t) = —12'Qr — X (1) (0’ + O)z + H(Ay(z, 1), x) + 2tr (S (x, 1)) + Me(z, 1)
my(z,t) = —div (Hy(A (2, 1), )m(z, 1)) + 3tr (Smge(2,1)),

and X (t) = [xm(z,t)dx for all ¢ > 0 and where m(xz,0) = my(z) all z € R™.
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Few comments are in order. Note that the Lagrange multiplier A(z,?) in the utilitarian
planner’s problem plays the same role than the value function u(x, t) in the equilibrium of the
MFG, they both solve an almost identical HBJ equation. There are two differences between
the two p.d.e.’s in the flow return of the HBJ equation. The first difference is that even if we
allowed © to be non-symmetric, the cross terms in the p.d.e. for A is symmetric. The second,
and most important difference, is that when © is symmetric, the term with the coupling in
the utilitarian planners is multiplied by two, which has an important implication, which we
write in the next corollary. This factor is quite intuitive, since the planner takes into account

the effect of an agent in the rest of the population.

COROLLARY 1. If —O is negative definite, so the period return features strategic sub-
stitutability, the planner’s problem has faster convergence than the equilibrium. If —© is
positive definite, so the period return features strategic complementarities, then planner’s
solution has slower convergence to the steady state. This follows from Proposition 7 to

Proposition 11 in Section 4.4 where © is replaced by 2 ©.

Another immediate corollary comes from substituting the period return ¢ in the utili-
tarian planner problem by the potential F. We refer to the latter planner as the Potential

planner.

COROLLARY 2.  The equilibrium coincides with the solution of the Potential Planner’s
problem, which is obtained by replacing the period return of the utilitarian planner I/ by the
potential F given by equation (1) into the Lagrangian defined in equation (28).

Finally we note that our analysis of the equilibrium shows that even if the static potential

F(m) is not concave in m, the equilibrium of the game is unique.

6 MFG with Aggregate Shocks / Common Noise

We consider now the case where all agents are exposed, besides their idiosyncratic (i.e.
independent) Brownian shocks, to a common aggregate shock. This shock, for simplicity,
is assumed to be given by common jump of size T € R’ and let N*(t) and N~ (t) two
independent Poisson counting processes, each of them with intensity x/2 > 0. Thus, each

agent state evolves as
dz(t) = (Ba(t) — Az(t)) dt + ZV2dW (t) + Y dJ (t) where J(t) = NT(t) — N~ (t)

The period return function is the same as in the benchmark case. We will write the value
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function for the agent under the assumption, later to be verified, that the description for the

stochastic process for the cross sectional average X () is given by:

dX(t) = MX(t)dt + YdJT (t) (29)

where we need to solve for the n x n matrix M. Heuristically, in a short time period, of
length dt, we can consider that dJ(t) takes the value +1 with probability £dt, the value —1
with probability £dt, and 0 with probability 1 — xdt + o(dt).

We now denote the value function v, which has as arguments the couple (z, X), so v :

R2?" — R. This value function satisfies the HJB equation:

pv(z, X) = —32'Qr — X'Ox + H(v,(x, X), ) + 5tr (S vge(z, X)) (30)
+ox(z, X)MX + £k [3v(@z+ T, X + 1)+ vz - T,X - 1) —v(z, X)]

where the Hamiltonian H : R” x R™ — R is defined exactly as before :

H(p,z) = max —1a'Ta +p' (Ba — Ax)

We note that if T = 0, then this reduces to our benchmark case. In this case M = J+ G
as described above. There are few differences in this HJB with the case where T = 0. First,
the arguments are different, instead of (z,t) we have (z, X). This means that the instead
of a time derivative in the right hand side of the HJB, we have two terms: the effect of d.X
times vy, and the effect of a jump +7Y or —Y appears on both x and X.

We will guess that the value function takes the form:
U(l’, X) = So + X’Slx + %SC/SQQC + %X/53X (31)

where S is a scalar and S7, 5o, S3 are n xn matrices. We assume that S, and S5 are symmetric
matrices.
In this case, the cross sectional distribution m(z,t) follows a stochastic process. In par-

ticular, we have:

dm(z,t) = | —div (Hy(vy(x, X (1)), z) m(z,t)) + %tr (X my(x,t))]| dt

+ (mz = 1,t) —m(x,£)) dN*(t) + (m(z + T, t) — m(z,8)) AN~ (t)  (32)
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Thus, the drift of m is, essentially, the same as the time derivative given by the Kolmorogov
forward equation in the deterministic case. The two extra terms display the effect of the

jumps. As before, we define X (t) as:

X(t) = / v, t)da

PROPOSITION 16. Using the process for m in equation (32), the expression for the Hamil-

tonian and its derivative, and the form of the value function in equation (31) we obtain:

dX(t) = MX(t)dt + T dJ(t) where M = BT 'B'[S; + S5 — A (33)

Next we use the assumed form of the value function in equation (31) and the expressions

for the Hamiltonian into the HBJ in equation (30) to obtain a system of equations for

So, S1, S and S3 as a function of M.

PROPOSITION 17. Assume that v is as given in equation (31). The HBJ in equation (30)

and the properties of the Hamiltonian give the following system of equations:

pSy = %tr (X Sy) + kY (S1+ S+ 535) T (34)
pS; = —O+ SIBI'B'S, — S{ A+ M'S, (35)
pSo = —Q + SoBI 'B'Sy — (Sy A+ A'Sy) (36)
£S3 = 1S/BI'B'S; + S5 M (37)

We sketch how, given M we can solve this system of equations for the scalar Sy and
matrices Sp, S and Ss.. We note that from equation (36) the matrix Sy can be solved given
p,Q, A, BandI'. Tt is a standard Riccati equation. Given Sy and M we can use equation (35)
and solve for S;. Given ) using equation (35) one can solve S3. Finally, given S;, S5 and S
we can use equation (34) to solve for Sy. The solution of this system is unique, since given
M this is the solution of a well behaved convex maximization problem. Nevertheless the
equilibrium requires we replace the value of M from equation (33). Adding this information
we find out that, provided that © is symmetric, let P = S; + Sy satisfies equation (24), just

as in the case without aggregate shocks, as stated in the next proposition.
PROPOSITION 18.  The symmetric solution for equation (36) is S, = 3, where 3, is the
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unique negative definite matrix obtained in case of T = 0. Let © be symmetric, then S; has
a symmetric solution, where P = 57 + S5, and where P is the the symmetric matrix that

satisfies equation (24) as in Proposition 7 for the case where T = 0.

Note that whether Sy has a finite solution depends on the values of P + S3. Instead, the

solution for S3 can be written as, substituting the solution for M as:
2
(I, — D) S3 = E where D = =M and E = pS;BI'"'B'S,
p

Thus, a sufficient conditions for a solution to S5 is that all the real part of the eigenvalues of

M are smaller than p/2. In this case, we can write:
Sy3=(I,—D)'E=(I,+D+D*+D*+...)E
Finally, using equation (33) we have that the coefficient for the drift of X satisfies:
J+G=M=BI"'BP-A

Hence, the analysis and conclusion of Proposition 7?7 and Proposition 11 for the deterministic

case with T = 0, apply to the case with aggregate shock with T > 0.

7 Recursive Equilibrium & Identification

In this section we map the equilibrium of the linear quadratic mean field game into the
recursive equilibrium where we use the “Big K-little k7, notation, which here are literally X

and x. This representation naturally leads to an identification result.

ProrosiTioN 19. Consider the case with both idiosyncratic and aggregate shocks. The

recursive solution is given by the following stochastic differential equations for X and z:

dX =[J+G Xdt+YdJ =MXdt+7YdT
dr = p* (z, X)dt + ZV2dW + T dJ where
Pz, X)=[J+ G| X +G(x—X)
o (2, X) =T"'B" (SX + pox)

where recall that G does not depend on ©, and that J + G depends on @) + ©’, as seen in
equation (20) and equation (22).
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Big K - little k representation. Note that if v = X the drift of that representative agent
is the same as the equilibrium one. i.e an agent whose state equal the average. By linearity it
is also the average value of the corresponding quantity, using the value of the density m(z,t)
to compute the average. Proposition 19 suggest to define the deviations of x from the cross

sectional mean as z(t) = x(t) — X (t), so we have the system:

dX (t
dz(t
(
(

t

[BU'B'P — A] X(t)dt + Y dJ(t) (38)
[BT BBy — A] 2(t) dt + S2dW (t) (39)
(40)
(41)

o (x(t), X (1)) =T'B'PX(t)+ T BBy 2(t) 40
o (X(t),X(t)=T'B'PX(t) 41

(07

)
)
)
)

At

We use this system of equations for two purposes: a result on sufficient conditions for

uniqueness of equilibrium and a result on identification.

A non-identification result. We start with a simple, but nevertheless important result

in lack of identification.

ProproOSITION 20. Suppose a data set contains a time series of agent’s actions relative to
the average, i.e. {z(t)}, and a time series for actions relative to averages {«(t) — A(t)} for
a period t € [0,T], whose values are generated by a LQ MFG with aggregate shocks. Then,

this system has no information on the matrix ©.

The proof of this result is immediate. In other words, strategic complementarity is only
reveal by comparing the behavior of agents actions and states with aggregate actions states.
We can also state the same result by saying that adding time effects in a panel data population
regression differences out of the information on the strategic complementarity. This result is
conceptually related to the so called “missing intercept” problem developed in Wolf (2023).
In our case this is particularly severe problem, as Proposition 20 sates. Now we turn to an

identification result.

Identification. We use the system of linear equations 38, 39, 40 and 41 to establish a
partial identification result. We identify the strength of the strategic complementarity, as
well as several of the remaining parameters. This is done, essentially, by comparing the rate
at which aggregates X (t) converge to steady states, which depend on © with the rate at
which an agent deviation from average z(t) = x(t) — X (t) converges. We give three results,
in which we add more data and relax what is known.

The first result assumes that in some way all the parameters of the individual problem
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with no coupling are known, or equivalently for the deviation to aggregate z(t). The we add

aggregate data, and show that this identifies the matrix ©.

PrROPOSITION 21. Assume that the matrices @), A, B, T and the scalar p are known. A data
set with {X(¢)} for a period ¢ € [0,7], is available whose values have been generated by the
solution to a LQ MFG with aggregate shocks. Then there is a unique matrix © consistent
with this MFG.

The proof is almost the contraposition of the no-identification result in Proposition 20.
The proof is constructive, so that it produces an expression for ©. The next result relax the

assumption of which parameters are known, and adds more observations.

PROPOSITION 22. Suppose a data set contains a time series of the cross sectional averages
of two vectors {A(t), X(t)}, and a time series for the vector for an agent deviations {z(t)}
for a period ¢t € [0,7T], whose values are generated by a LQ MFG with aggregate shocks.
Assume that the matrices I' and B, and the scalar p are all known. Then there is a unique

set of matrices 0, ©’, A consistent with the equilibrium.

Some comments on the assumptions and result are in order. First, the proof is construc-
tive, so it gives a set of steps to compute @), 0, A as function of population moments of the
time series {A(t), X(t),z(t)}. Second, we can trade off the availability of data on actions,
i.e. we can avoid observing time series of {A(t)}, if we also take as known the matrix A.
Third, in the scalar case, we can dispense with the assumption that B is known, if we add
the assumption of observing the time series for the actions {a(t)} for a period ¢t € [0,7].
Indeed, by making the matrix © definite, as it will be in the scalar case, we can also identify

B, as stated in the next proposition.

PROPOSITION 23. In addition to the assumption on Proposition 22 assume that i) Q) + © is
positive definite, (ii) that either © is positive definite or negative definite, and (iii) that the
data set also contains a time series of the actions {«(t)} for a period t € [0,7]. Assume that
the matrix I and the scalar p are all known. Then there is a unique set of matrices @, ©0’, A

and B consistent with the equilibrium.

8 Extension I: Forcing Processes

In this section we specialize the problem so that the state vector z = [z, 2?)] € R is
broken into two components. One component, () has n; elements and its is under the

control of the agent by choice of a. The other component is 2(?), which has n, elements, and
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it is outside the control of the agent. Thus we require that n = n; + ne. The vector z(®) can
affect ™), but neither (M), nor the actions o can affect the process (. The vector 23 are
sometimes called forcing processes, or exogenous process to the agent’s decision problem. To
make the notation simpler, we consider the case without aggregate shocks. To be concrete
this split is implemented by partitioning the matrices A and B and having some blocks with

all zeros. In particular we assume:

All A12

On1 Xng A22

B,

OnQXk

A= and B =

where Aq; is an nq X ny matrix, Ags is an ny X ny matrix, A, is an nq X ny matrix, and By

is an ny X k matrix. The symmetric matrices () and © have the same structure i.e.:

Qll Q12
— d6 =
¢ [Q21 éilnj -

@11 @12
Oy 01,

where I,,, is a ny X ng identity matrix and ¢ and 6 are arbitrary scalars. We note that, due to
the exogeneity of the forcing process 22, the scalars ¢ and 6 have no effect on the choices of
«, and thus in the equilibrium. We will use ¢ to ensure that () is positive definite, provided
that @y, is positive definite by choosing ¢ large enough.® Likewise, we will use 6 so that
() + © is positive definite, provided that ()11 + O}, is positive definite by choosing 6 large
enough.

We note that the two Riccati-like equations which describe the equilibrium, the one for

B2, S and P have a block recursive nature.

BoBT ™ BBy = BoA+ A'By + pfa + Q (42)
PBI 'B'P=PA+ AP+ pP+Q+6 (43)

We show below that each of these equations can be solved recursively in blocks, first solving
a a proper Riccati equation for the upper right block of n; x n; matrices, and then solving

the rest as linear equations.

PROPOSITION 24. Assume that (i) BiI'Bj is invertible, (ii) Q1 is positive definite, and (iii)
that the real part of roots of — A,y are all smaller than p/2. Then, 3, is the negative definite
solution of the Riccati equation equation (42). Then P is the negative definite solution of

the Riccati equation equation (43). The n; x n; matrices P;; and Bz,n solve the Riccati

3Tt is enough to set ¢ larger that the largest eigenvalue of leQﬁlQu.
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equations:

P11B1F7131P11 = Py A+ A P+ pPi 4+ Qui + 01
BZHBIF_lBiBQ,H = 52,111411 + A/nBz,n + 05_2,11 + Qi

Moreover, the eigenvalues of the equilibrium law of motion described by the (n; 4+ ng) X (n; +
ny) matrix J + G is given by the n; eigenvalues of the n; X n; matrix ByI'"*BjP;; — Ay; and

no eigenvalues of ny X ny matrix —Ags.

Under the assumptions of exogenous shocks or forcing variables we can recast essentially
all the previous results applying to the vector of endogenous variables (") and X, and
applying to the nqy x nq upper left block of P, B, and S. In particular, the assumption of full
rank of BI' ™' B’ corresponds to full rank of B;I'"! B} has rank n;, the assumption of Q + ©
being positive definite can be replaced by the assumption that (11 + ©1; is positive definite,

etc..

9 Extension 1I: Coupling with higher moments

In this section we explore an extension to the MFG where the coupling of the agent’s period
return uses the first ¥ moments of the cross sectional distribution, as opposed to just using
the first moment X as in the benchmark case. To simplify the analysis of this case we assume
that state is one-dimensional, so that x € R or n = 1. We denote each of the moments of =

using distribution m(-,t) at time ¢ by M,(t), or

M,.(t) E/x’“m(x,t)dx forallt >0and r=1,2,...,F

In this case the period return function is given by

F(z,m)+ R(a) = —3zqx — (00 + ZMT(t)6r> r—1dTa

r=1

where M, = /x’” m(z)dx

Three comments are in order. First, we have also added one linear terms to the value
function, i.e. the product of x with the scalar 6. We have done so we can set the value of
0y so that the cross sectional average of x is zero, as in the benchmark case. Second, since
X(t) = My (t), the benchmark case is obtained setting 7 = 1 and 6y = 0. Third, in this case
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we use lower-case letters for the coefficients ¢,y and k are scalars. In this case:

O?F (z,m)
0xOM,(t)

=—-0,forr=1,2,...,7

A possible definition of strategic complementarity (substitutability) is that if the measure
associated with the density m, is stochastically higher than the one associated with the den-
sity mp, then F(x,m,) — F(x,my) is weakly increasing (decreasing) in x. This definition,
together with the specification of F', means that strategic complementarity (substitutabil-
ity) implies that 6, < 0 (> 0) for » = 1,3.5,.... Note that this definition of strategic
complementarity /substitutability does not have implications for 6, when r = 2,46, .. ..

An equilibrium form the mean field game is now defined as:
DEFINITION 4. An equilibrium for the MFG given my is a value function u : R x Ry — R,
a density m : R x Ry — R, and 7 moments M, : R, — R for r = 1,..., 7 satisfying:

pu(x,t) = —%x qv — <Z M, ()0, + 9()) r+ H(ug(z,t), z) + %U2um(:c, t) + w(z, t)
r=1
1

my(x,t) = — (Hp(ug(x,t), ) m(x, 1)) + 502 M (T, 1)

for all x € R™ and ¢ > 0 where

H(p,z) = max :a'Ta+p (Ba—azx) for all (p,z) € R?

a€RF

M,.(t) = /x’"m(x,t)dx forallt >0andr=1,...,7
with m(z,0) = mg(z) and appropriate boundary conditions for m and w.
We can specialize the definition of an equilibrium for a steady state as follows:
DEFINITION 5.  An steady state is given by moments M, € R for r = 1,...,7 and two

functions  : R — R and m : R — R, satisfying:

pu(z) = —txqu — (Z M,0, + 00> x4+ H(Uy, z) + 10Uy, (2)

r=1

0= — (Hy(a,(2), 2)m(x)), + 10” Ma(2)
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for all 2 and the vector of moments M satisfies

]V[,‘—/ﬂm(x)dx forr=1,...,7

We now turn to the analysis of the equilibrium. The value function still must be of the

same form, namely:

u(z,t) = Bo(t) + Bu(t)x + 36a(t)a

We follow the same steps as before. We emphasize the parts of the analysis that differ

from the benchmark case of 7 = 1.

Hamiltonian. In this case the first order condition for a for the Hamiltonian is a* = I'"'B'p
and replacing a* back into the Hamiltonian and its derivative we obtain:

-1

H(p,z) = %ﬁ — paz and H,(p,z) = v5'p — ax where y5 = 1/(BI' ' B’)

Following the same steps as in the benchmark case we get that the Hamiltonian and its

derivative evaluated at the derivative of the value function are:

H(uy (2, 1), 2) = Z-(B(8) + Bolt)2)* — paw = | 2 (51(0) + Balt)a)?

Hy(u,(2,1), 2) = 75" (B1(t) + Ba(t)z) — az

Dynamical system for the coefficients of the value function. We can now proceed
as before and obtain, by matching the coefficient of the different powers of x in the HJB

equation, the following set of o.d.e.’s:

Bo = pBo — 36175 L — 30° B (44)

B = (p+a)Br+0+ Z 0, M, — Bav5' B (45)
r=1

Bo=q— Bovg' B2 + Baa + aBa + pBe (46)

As before, these o.d.e.’s take as given the path for My,..., M. Again we must have

By(t) = B2 < 0, i.e. the same negative constant for all ¢ > 0, and the same we have found in
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the benchmark case. In this scalar case the solution of the Riccati equation 35 is simply the

negative root of a scalar quadratic equation:

Vp'ba—a=5— \/(antp/2)2 +75'q

Dynamics of Moments. We can extend the steps we have followed before to get an o.d.e
for the time variation of each of the ¥ moments. The interesting result is that we can write a
relatively simple system of 7 o.d.e.’s for the moments of the distribution, as opposed to have

to solve the partial differential equation for the density m.

ProprosiTION 25.  Given the expression for the Hamiltonian, and the definition of the
moments M,.(t), the solution of the Kolmogorov forward equation implies the following 7

dimensional system of linear o.d.e.s

r(r—1)o?

M, (t) =7 (v5' B2 — a) My (t) + ryg5" B1()) M1 (t) + 5

M;—5(t) (47)

for r = 1,...,7 and t > 0, for a given path [, and given initial conditions M, (0) for

r=1,...,7.

Next we put together the o.d.e. for g; with the ones for the ¥ moments. Once we replace
By(t) by the solution of the Riccati equation (35, we obtain a set of o.d.es. for the scalar £
and the vector My, ..., M:.

States and Co-state system. We can put together a system of (non-linear) 7+ 1 ordinary

differential equations for the co-state type variable [3; together with the 7 o.d.e’s for the

aggregate states My, ..., M; so that an equilibrium is a solution for:
Bi(t) = (p+a—Bavg') Bi(t) + 00+ > 0, M, (48)
r=1
- 15 ) r(r—1)o?
Mr(t> =T ("}/B 52 — (l) Mr<t) -+ ™B ﬁl(t)Mrfl(t) -+ TMT,Q(t> (49)
The equation for 3; is linear in (B1, My, ..., M;). The equation for M is also linear in
(B1, My, ..., My). The equations for M, in the case of r = 2,... 7 contains a cross product

between 3; and M,_;, and hence they are not linear.

Steady States. The steady state of the system for (51, My, ..., M;) is, in general, different

from zero. There are two reasons for this. One is the presence of the even moments M,.,
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which are non-zero. The second, is the presence of the constant 6y in F'. The steady state
(5_1, M, ..., ]\Zlf), given [, solves:

0= (p+a—Prg") 51+90+ZQTMT

r=1

- — —— r(r—1
0=r(v5'B2— a) M, + ry5' Bi M, + rlr— 1)o7

2
o° —
9 Mr—2
Again, this system is non-linear, so the existence and uniqueness of steady state should
be analyzed. Also not any solutions to this set of equations gives a steady state, since the

M, are moments, and thus they have to satisfy the Hamburger inequality restrictions. To

ensure they are satisfied we can write this system in two steps. In the first step we solve for

M = (M, ..., M;) as function of 5. Given j3; this is a linear system with recursive structure
given by:
_ 1 15 - (r—1)o? _ _
M, = ———= |vg BiM_1 +—F"—M, 5| forr=1,2...,7
a—"g B2

with My = 1. We let {M,(B1)}._, the unique solution of this linear equations. For the

second step we replace this solution into the equation for 3;, defining

_ 1
Bovg' —a—p

O+ eer(&)]

So, a steady state is a fixed point 3, = B(5).
This operator, in general, can have several fixed points. To see this, consider the example
of ¥ = 2. In this case the function B is quadratic in ;. To see this, first solve:

— 7]5131

—15\2 2
_ 2
M1 = 15 and M2 = (,YB 61) + U /

a—7g" P (a—75'B2)?  a—75'5s

Replacing them back we get:

= 1 v5' B 0%/2
B = |6, +86 - = —
(8) Boyg —a—p T - 75152 (a—v5'B2)? a—n"g B

This is a quadratic equation, so in general, it has either two real solutions or none.
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We are interested in steady states with M; = 0, since we are interpreting = to be a
deviation of steady state, so it should have mean zero. The steady state expression for M;
implies that this M; = 0 if and only if #; = 0. This requirement has several implications,

summarized in the next proposition.

ProprosiTIiON 26. Consider the model with coupling up to 7 moments. There is a steady
state withM; = 0 if and only if 8; = 0. This instead implies M, = 0 for »r = 1,3,...,7, and

the 0y be a linear combination of {0, }7_, ,4 . as follows:

Oy = — Z 6, M, where the even moments are given by (50)
r=2,4,6...
B “ o2 2 2
MT:(T—E_MT_QZ(T—Q!! % ) forr=246,....r (51
2 (a —~5'f2) 2 (a—5'0)

where !! is the double factorial.

Fourth comments are in order. First, note that in the invariant distribution m of x is

normal and independent of the vector #. Second, as an example, if ¥ = 2 we have

a?/2

b = —b— L
a — ’73152

and then there is steady state with 8; = M; = 0. Third, note that even with these parameters
there may be other steady states. Forth, the MFG we consider here with coupling with
higher moments does not satisfy certainty equivalence, and hence the invariant distribution
m depends on the variance of the idiosyncratic shock ¢2. To maximize comparability, our
approach is to reset one parameter, namely 6y, so that the invariant distribution m is the

same as in the MFG with only coupling in the first moment.

Local analysis around the “zero mean” invariant distribution Now we use Propo-
sition 26 and focus on the invariant distribution with 5, = M, = 0 for odd r. The dynamical
system equation (48)-equation (47) for (S, My, ..., M;) is not linear. To study its behaviour

around around the steady state of interest, we define the deviations:

Bi(t) = Bu(t) — By and M, (t) = M,(t) — M,, forallt >0 and r =1,...,F
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The linearized system of o.d.e’s around the “zero steady state” becomes:

S0 = (p+a Bag) Au(0) + Y080 (52)
LN () = v M B (0) + 7 (15" B — ) NL(1) + UL VAN (53)

dt 2

For the main result of this section, we re-write the co-state and state system in equa-
tion (52) and equation (53) as

V(1) = HY(t) where Y = (fu, My, My, .. M) (54)

so that Y is an 741 column vector and  is an (7+1) x (7+1) real matrix, whose coefficients
are described by equation (52) and equation (53). Without loss of generality we consider 7
to be the an even integer.

The uniqueness and existence of a equilibrium near the zero mean stationary distribution
depends on the eigenvalues of the matrix H. We use S\j for the eigenvalues of this matrix.
If this matrix has one unstable (i.e. positive) eigenvalue, and 7 stable (i.e. negative) eigen-
values, we say the zero mean stationary distribution is locally determinate. In this case the
speed of convergence to the zero-mean stationary distribution is determined by the 7 stable

eigenvalues. The next proposition show that they have a very simple structure.

PROPOSITION 27. Fix 7 as an arbitrary even integer. Let {S\T}Hl be the eigenvalues of the

r=1

matrix 722 with the linearization of the co-state and state vector Y of deviations around the

zero-mean invariant distribution defined in equation (54). Then:

~ 5 - 2 _
)\1:8—\/<B+a> +7§1(q+9)7 )\r+1:£+\/(£+a> +7§1(q+0)’ and

2 2 2 2
. p P 5 ) F—1 )
)\r:r(ﬁ—\/(nga) +7§1q><0f0rr:2,3,...7rwhere 0= rM,._10,
r=1,35,...
Moreover, the path of the even moment deviations ]\Z/T(t) forr =2,4,...,7 is independent of

the vector {6, }"_, and of the initial conditions for the odd moments M, (0) forr = 1,3,...,7—
1.

Several comments are in order.
1. The coefficients {#}7_, only enter in two eigenvalues: A\, and 5\f+1.

2. Moreover, only the coefficients {61, 3, ..., 0} on the odd moments enter into the eigen-
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values 5\1 and 5\7:+1.

. The formula for )\; is identical to the one for \; in the bechmark case, where constant

6 takes the place of the scalar 6 in the benchmark case with n = 1.

. The interpretation of 6 is the same as in the benchmark scalar case: as any 6, increases

(for odd r), then the convergence to the steady state is faster.

. There is a critical value —0* = ¢ + a(a + p)yp such that if —f > —f* then there is no

local determinant equilibrium, i.e. for those values of #, then \; > 0.

. If = 0 then all the stable eigenvalues satisfy A =1M\ <O0forr=1,2,..., 7 If there
is strategic complementarity, i.e. if § < 0, then A >\, forall r = 2,3,...,7. That is,

with strategic complementarity A1 it is the dominant eigenvalue.

. If 62 = 0, then § = ;. If all 6, < 0(> 0) for r odd, then @ is decreasing (increas-
ing) in 0. In words, if there is strategic complementarity (substitutability), then the

convergence to equilibrium is slower (faster) for higher idiosyncratic variance .

. While only the coefficient for the odd moments {6, 3, ..., 60;} enter into the eigenvalues,
the coefficients for the even moments enter in the equlibrium, as the example for © = 2

below illustrates.

We turn to the complete solution for the case of 7 = 2. Assume Sy (t) = s1 My (t)+s3My(t).

We can replace this expression for 3, into equations equation (52) and equation (53) for
r =1 and r = 2, and match the coefficients for M (t) and Ma(t) obtaining the following two

equations:

V50 =551 (—p+2 (15 B2 — a) +75's1) and
V5 02 =5 52 (—p+3 (75 P2 — a) + 75 1)

Substituting this expressions back into the system, as well as the expression for 35 we obtain

that in equilibrium the first and second moments evolve according to:

d ~ ~ A

aMQ(t) = )\2M2<t) and

d -~ o ) ~
EMKI?) = MM (t) + 5 2 Ms(1)

8 —2/(a+p/2° +75'q— \/(a+ /2 +75' (61 +9)

Thus, around the zero steady state, the second moment converges with speed given by As,

which is independent of {6;,0>}. Nevertheless, while the second moment is not at its steady
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state value, it affects the control «, and through it the first moment, as it can be seen by the

second term in the equilibrium o.d.e. for the deviation of M;.

10 Conclusion

We show that strategic complementarities play an important role in shaping the persistence
of aggregate dynamics within a linear-quadratic mean field game framework. By recasting
the coupled system of PDEs into a linear dynamical system characterized by a Hamiltonian
matrix and its associated Riccati equation, we derive conditions for the existence, uniqueness,
and stability of equilibrium. We find a critical threshold: below it, equilibria exist, and
strategic complementarities slow convergence toward the steady state— a fact that is even
more pronounced in the planner’s solution. Our framework can be extended to include

aggregate shocks and higher-order moment coupling.
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ONLINE APPENDIX

A  Model: Detalils

A.1 Riccati equations: MFG vs. Linear Regulator

The typical (deterministic) linear-quadratic regulator problem uses the following notation.
We use the survey by Kucera (1973) as a reference. The time zero problem, and value

function, are:

Jo = min / 2 (@' () Qu(t) + o/ (¢)u(t)) dt + 22'(T)Sz(T)

)T e

subject to (t) = Ax(t) + Bu(t) for to <t <T

for x € R”, u € RF, given positive definite n x n matrices Q and S. We use boldface
capital letters for matrices in the LQ regulator problem to distinguish it from the matrices
in the MFG. The minimum value satisfies Jo = 12/(to) P(to)z(to) the optimal policy satisfies
u(t) = —=B'P(t)x(t) where:

—P(t) = —P(t)BB'P(t) + P(t)A+ A'P(t)+ Qforty <t <T and P(T)=S.

If we consider the case as T — oo or as ty — —oo, then Jy — 32/ (ty) Pu(ty) and u(t) =

—BP,z(t) for all t. In this case P, satisfies the Riccati equation:
PBB'P=PA + AP + Q (55)

Under these assumptions Q) is typically written as Q = C'C. The following three definitions

are key.

DEFINITION 6. (A,B) is stabilizable if there is a real matrix L such that A + BL has all its

eigenvalues with negative real parts.

DEFINITION 7. (C,A) is detectable if there is a real matrix F' such that F'C 4+ A has all its

eigenvalues with negative real parts.

DEFINITION 8. A matrix P solving the Riccati equation (55) and its associated policy u(t) =
—B'Px(t) stabilizes the closed-loop system if the matrix A — B B'P has all its eigenvalues

with a negative real part.



An important result from the LQ regulator problem is the following:

THEOREM 1. Stabilizability of (A,B) and detectability of (C,A) are necessary and suf-

ficient conditions for equation (55) to have a unique positive semi-definite solution which

stabilizes the closed-loop system.

Theorem 1 is Theorem 5 in the survey by Kucera (1973).
Table A1 maps the elements on the equation (55) to the ones in equation (24).

Table Al: Riccati equations notation equivalence

LQ Regulator LQ MFG
(single agent decision theory) | (equilibrium of a MFG)
C'C Q-+
11
B B’ BT 2" 2P
A —(A+1,%)
P -P

Using the equivalences in Table A1 it is immediate to see that the next two equations are
the same:

PBBP=P A + AP + CC
(~P)BI'B/(~P) = (~P) (~A~1,§) + (~A~L,§) (-P) + @ +

since the second equation can be written as equation (24). Also notice that if P is positive
semi-definite, then —P must be negative semi-definite.
Table A2 uses equivalences in Table Al to relate the real part of the eigenvalues of

different matrices. We use the notation Re A(V') to denote the real part of the eigenvalues
of the matrix V.

Table A2: Equivalences between real part of eigenvalues

LQ Regulator \ LQ MFG
Re A\(A+B L) <0 Re A (BI'2L — A) <2
Re A\(FC4+A) <0 | Re A (F (Q+0)2—4) <t
Re M(A-BB P)<0| ReA(BI"'BP-A)<?

Table A2 helps to interpret the definitions of stabilizability, detectability and of a solution

that stabilizes the closed-loop system in terms of either assumptions about K and on the
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requirement that the solution of the MFG either converges or does not explode at a rate
higher than p/2.



B Second order approximation of industry equilibrium

In this section we include a step by step derivation of the second order approximation to the
industry equilibrium.
First, re-write the HJB as follows:

v\ —1/m R 72
pi(k, 1) = (Yk(t)) B = Ok H (k1)) + S, )+ 5k, 1

~

H (p) = maxpka — ka — ¢ (ka)

v —1/n
(Yk(t)) kY — 0k = pkx — $2Qx — XOz 4+ o(K) + o ||z, X|])

v(x,t) = 0(kx + k,t) so v,(z,t) = ki, (kx + k,t) and v,,(z,t) = k*Vpp(kz + k. t)
Thus we can write:
pv(x,t) = pkz — 32Qu — X ()0 + (X (#)) + o (||z, X (1)]])

+ H (v, (2, 1) /E) + (k/k)? ";@m(x, t) + vy(z, t)

H (p) = maxpka — ka — LE*¢"(0)a” + o(||a?]])

Ignoring the terms of order smaller than ||22|| and ||o?||, and the functions that depends only

on X (t), which includes constants, we can define:

pu(z,t) = pkx — 12Qv — X (1)Ox + H (i, (1)) + (5/;) Uy (1) + Ue(2, 1)

H (p) = maxpa — ka — k%" (0)a”
Now define u(z,t) = @(z,t) — kz, replacing into the previous expression

p(u(z,t) + kx) = pkx — 12Qz — X (1)Oz + H (uy(z,t) + k) + (0/216)2

Uz (2, 1) + Uy, t)

H (p+ k) = maxpa + ka — ka — 3k*¢"(0)o

and using u, (z,t) = Uy (z,t) — k and we (7, 1) = Uye(x, t) and wy(z,t) = @z, ) so replacing



them into the previous expression we get,

pu(z,t) = —tzQz — X(t)Ox + H (uy(z,t)) + (6/2k)2um(x, t) + ue(x,t)
H (p) = maxpa — k" (0)a”

Using o = 6/k and T = k2" (0), we obtain the desired expression.



B.1 Proofs

Proof. (of Proposition 1)

1. Detectability. Assume that there is vector v and a scalar A\ with (A + £1,)v = Av and
Re(A) < 0 then it must be the case that Cv # 0. But we assume that ) is positive
with @@ = C'C so Cv # 0 for any vector.

2. Stabilizability is immediate given by assumption that I' is positive definite, and B is
invertible. We can always find a matrix L, so that Re A (BFfl/QL —A-— gln) < 0. For
instance, set L =T"2B~Y(A+ LI, — €l,,) for € > 0.

O

Proof. (of Proposition 2) The proof proceed in several steps.

1. Law of motion for X;: We replace the p.d.e. for m;, into the the definition of X;(t)
to write an equation for the time derivative of X;, denote by Xi(t), in terms of integrals
of m and Hy(uy, ).

:/.../ximt(x,t)d:vl...d:cn

j=1
+%//ng Zzgkjmxjwk (1‘,t) dxy...dx,
ko J

2. No contribution from Laplacian into X. We show that the term on X; with inte-
grals of second derivatives of m is zero, i.e. we show that 0 = [2; >, i Okj My (x,t) dx.

For this we use the assumed boundary conditions of m. Consider

A= [ /xlzz%mw (00) dor- ey = 334,

where for arbitrary combination k, 7 we have

Aéj = o / . / [/ T My, (2,1) dmk} dry...dv,_1dzgy; ... dx,
——

n—1



We will argue that A};j = 0. We first analyze the integral inside the braces, namely
fxz- Maya; (x,t) dxy. For this we consider two cases. First, assume that i # k. In this

case we write:

0
/xi Mgye; (7,1) drg, = 4 / 0_wkmzj (x,t) dxy

= x; (mm]. (T1,...,400, ..., 2y, 1) — My, (xl,...,—oo,...,mn,t))

=0

where the equality follows from the assumed boundary conditions on m. If k = i we

use integration by parts:

/xzmgc a; (1,1) do; = /xl 88 My, (z,t) da;

=TiMy, (T1, ..., 24 L Tpt) |72 — / My, (T1,. ., Tiy oo, Ty, t) dig
<0
=— —m Xy, ..., Ty, T, 1) day
0o al’j
where the first term is zero from the assumed boundary conditions on m. Thus we
have:
AZ]- = 05 / o / |:/ ZT; mwkmj (JI, t) d$2:| dl’l Ce d$¢,1d$i+1 R d.ﬁl}n
—

:—O',L'j/"'/|:/aim<l'1,...,$i,...,l'n,t> d%z} dl’l...dl'i,ldl'prl...dl'n
x.
\—v—" J

0
:_Uw/ /8% (X1, ..., 2p, t)dxy ... dzy
——aij/.../{/%m(xl,...,:Uj,...,xn,t)dxj] d.Tl...dl'j,ld.l’jJrl...d.Tn
3 - , J

gij/.../[m(ml,...,—i—oo,...,xn,t)—m(a:l,...,—oo,...,mn,t)]dxl...dxj_ldxj+1...

n—1
= — 0y //deldledxjﬂda;n
1

=0

dx,,



where we use the previous result, reorder the integral, twice, and use the boundary

conditions for m.

. Simplifying the expression for X;. Using our previous results we obtain:

X(t) = — / » /% z”: (Hp, (uy(x,t),t) m(:r,t))xj dzy...dx,
j=1
:/'--/Hi(ux(x,t),t)m(a:,t)dxl...dmn
We can also write it in vector form as:
X'() = /.-./Hp (o (@, ), £) m(z, £) dzs . ..

where X’ and H, are row vectors.

To see why this has to hold we write:
X(t) = — / y /ac " (H,, (el 2), Oy m(a, 1)), day . da,
j=1

:_//l« (Hy, (ua(2,1),) m(x, 1)), dry ... dz,
_//x zn: (Hy, (us(x, ), ) m(z, 1)), da: ... da,

j=1,5#i
—— / .. / . |:/ €T; (le (ux(x,t), t) m(x, t))mz d.ﬁlﬁZ d,ﬁL’l Ce dxi_1d$i+1d$n
1
_ //x S (Hy, (e, 8), 8y m(w, 1)), day ... da,
JF#

:/.../(Hpi (el 1), 8) m(, 1)), ,das ... da,

where we have used integration by parts, and the boundary conditions. Fix a j # ¢



and write

/xz (H,, (uw(q;7t),t)m(x,t))zj dr, ...dzv,
/

STy / (Hyp, (ug(z,t),t) m(z, t))xj dxj] dry ...dxj_dxjdz,

n—1
= — / . / T -Hp]. (ug(z,t),t)m(z,t) ijjﬁz] dxy...dzj_qdr;qdx,

where the last term follows from the boundary conditions on m and that H,(u,,t) is

linear in z.

4. Derivative of Hamiltonian on X. The next step is to use the expression we have for the

derivative of the Hamiltonian in term of #’s into the law of motion for X.

X(t) = /-../Hp (o, ), ) m(z, £) day . .
:/.../([5;(t)+x'52(t)] BI'B' — o/ A) m(x, t) da ... da,
_ / / [8,(t) + 2/ Bo(t)] m(x, t) dx: ... dz, BTV B’

_/.../m’m(m,t)Ada:‘l...dwn

We now use that X = [ am(z,t)dz, and that ['m(x,t)dz =1 so that:

X'(t) = / [B1(t) + 2’ Ba(t)] m(z,t) de BT !B’ — /x’m(x,t)dxA
= B1(t)BI'B' + X' (B:(t)BT ' B’ — A)

or transposing it we obtain equation (17).

This finished the proof [1.

Proof. (of Proposition 3) The reason that By(t) = (3, is by contradiction. Suppose there
will be two solutions, 32, (t) and B5(¢). Then, the single agent LQ problem for the case with
© = 0, i.e. the case with no coupling, will have two solutions too. But that problem has a
unique strictly concave quadratic value function, so By(t) = 2. Then, using £,(t) = 3 into

equation (15) and equation (17) we obtain equation (19). O
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Proof. (of Proposition 4). We look for a solution of equation (19) where 5, = SX for some
fixed n x n matrix S. We use 8; = SX and $; = SX into the system in equation (19) to

obtain
SX pl, + A" — B, BB’ e SX
X BI !B’ —A+ BI'"'B'j, X
Replacing the second equation for X into the first we get:
S[BI'B'SX + (-A+ BT 'B'f) X| = (pl, + A' — 3BT 'B') SX + ©'X

since this equation has to hold for all X, and it is homogenous of degree one in X, then it
must be that:

S[BI'B'S+ (—~A+ BT 'B'B,)] = (pl, + A' = BT 'B') S + &
which rearranging gives the following Riccati algebraic equation for S:
SBI'B'S=S(A—BI'B'p) + (A = 5Bl 'B') S+ pS+ 0
which completes the proof. [

Proof. (of Proposition ??) Set = 0, then, given the path 1(t), the value function u(0,t) =
Bo(t), which solves the o.d.e. in equation (11):

Bo(t) = 55t (B 52) + 3 /t " o081 () BD VB By (s)ds
and in particular for ¢t = 0:
B0(0) = gtr (X 5a) + 3 /0 Tt B/(t)BT' B’y (t)e 2" dt
On the other hand, 8;(t) = SX(¢) and X (s) = e/T*X(0). Thus

e—gtﬁi (t)BF_lBlﬁl (t)e—gt — X/<t)€—§tslBF—1/2F—l/2B/SX(t)e—gt

— x/(0)e G 1E) t e g1 prge (VeI )t x )

If S and BI'"'B’ have full rank, since they are both positive definite, they have an square

10



11 P 1,2
root, thus X’(O)e(‘] ¢ _I"Z)tS’BF_lB’Se(J+G I"Q)tX(O) converges for any X (0) if an only
if the real part of each of the eigenvalues of J + G is smaller than p/2.
This concludes the proof. [

Proof. (of Proposition 5) The proof proceeds in several steps.
1. Consider the MFG Hamiltonian matrix H:

pl, + A" — BB ' B’ e’

L,—G ©
. p

C G

Br-1p —A+ BT BB,

where G = —A+ BT !B’y and C = BI'"'B’, so G/, ©’, and C are n x n matrices, with
©" and C symmetric, where [,, is the n x n identity matrix, and where p is a scalar.

We will show that If X is an eigenvalue of H, then p — A is also an eigenvalue of H.

We define the 2n x 2n matrix J as:

Note that

Let’s introduce a shifted matrix K = H — £15,:

o oI, — G o [e1, 0
c G 0 21,
- @
c  G-2,
We now compute JKJ !
(o 1] [en,-a e o -1,
JKJ™L = 2
—I, 0 C G-8L]| I O
| ¢ a-en]fo -1]
£, +G" O I, 0
|-a+en, - ]
B o' L+ G




Taking the transpose of this matrix:

Ky = |CE T ©
i —C' (_gln + G/)/
|y, @
| -C -8, +G
_ G'-%1, —© _ K
C er, — G
Thus:
JKJ ' =—-K'
We observe that JK.J ! = —K'’ implies that K is a similar matrix that —K’, and

hence K and —K’ have the same eigenvalues. Since —K’ has the same eigenvalues
than its transpose —K, then K has the same eigenvalues than —K. To sum up, if u is

an eigenvalue of K, then —p is also an eigenvalue of K.

Now we relate the eigenvalues of H with those of K. If A is an eigenvalue of H with

corresponding eigenvector v, then:

Hv = A\v can be written as (K + %)]2”> v = A\v or

Kv = </\ — E) v
2
So p = A — £ is an eigenvalue of K if X is an eigenvalue of H. By our previously

established property, —pu = —(\ — £) = £ — A is also an eigenvalue of K. Therefore, if

2
£ — A is an eigenvalue of K, the corresponding eigenvalue of # is:

(5= +5-r

We have proved that if X is an eigenvalue of H, then p — A is also an eigenvalue of H.
2. Since H is a real, then if A is an eigenvalue of H, then so it is \*

3. Finally, combining the two properties, we have that if A is an eigenvalue of H, then so
it is —=\* + p.
This concludes the proof [J.

12



Proof. (of Proposition 6) Suppose that there is solution of equation (20) for S so that by
equation (21) we have dX(t) = M X (t)dt where all the eigenvalues of M = J + G, denoted
by {);}7_, have real part smaller than p/2, and hence the corresponding {X(t)} € L2. This
gives an equilibrium to the MFG. Consider any other solution S of equation (20) so that by
equation (21) we have dX (t) = MX (t)dt for some M = J + G with eigenvalues {Xj}?zl. If
all the eigenvalues are the same, the two solutions are identical. If at least one eigenvalue if
different, by Proposition 5 we have A\; = —\; 4 p, and thus \; — p/2 = —(\; — p/2) > 0 or ,

and thus {X(t)} ¢ L? for some initial value X (0). In particular we can write:
dX(t) = NANT'X(t)dt or X(t) = NeMNX(0)

where A is a Jordan matrix where each block corresponding to each of the non-repeated

eigenvalues of M. Thus
X = X)X (1) = X(0) (N) (M) NNeA N5 (0)
Then,
X D2 = X'(0) (N1’ (Q(Agy)/N'NG(Ag”N‘lX(m
Define Y (t) = N~'X(0) so that
X @2 = Y'(8) (e@"%)t)/ NN e(=8)ty
The matrix A is block diagonal, each bock Aj corresponds the different eigenvalues, and

it is of size s; x s;, where s; is the multiplicity of the corresponding eigenvalue. Thus, for a

matrix with r blocks:

oAl 8)t 0 0 ... 0
(ong 0 ellat) g 0
e n9 fd
0 0 e(brLr )t

where the exponential of each block satisfy

Ri—J. P 4 _P A s .
e(A] I, 8)t _ cAite=5t and it = NitpUi(D)

13



for an upper triangular matrix U;(t) of size s; x s; which has zeros below the diagonal

satisfying
12 551
Lt 2 (Sj]712)!
%5~ <
e([\j_lsjg)t—e()\]_g)t 01 t (Sj._2)! Ee(Aj_g)ter(t)
0 0 1

Without loss of generality, assume that the first Jordan block contains the eigenvalue

A1 > p/2. Given that N is invertible, lets set X (0) so that

Y (0) = N71X(0) with ¥3(0) = 1 and Y;(0) = 0 for j = 2,3,...,n

thus
(il g)t 0 0
e(A=1n8)ty (0) = ! i) o "
] 0 0 c(Ar=Ls 8)t ] |
e(hi-8)tei) 0 0 0
0 e(a=8)tet2() 0 0
| o e |

Since e”1() is an s; x s; matrix with ones in the diagonal, and zeros below it, then

2 s1—1

1t 5 .. —(;1_1)!

t5172
o |0 (01 el |0 _ o
0 0 0 1 0 0

14



A P
Hence the n x 1 vector e(A_IW)tY(O) has the following simple structure:

1
0
(f\—lng)ty(o) - e(A]—g)t 0
0
_O_

Then
Bk = (L Dv) vl

14
= R NN ) > [N'N] ) > 0 for all ¢ 0

(L,1)

since by NN being positive definite, then [N'N], ;) > 0. Hence we have found an X (0) for
which {X (t)}s0 & L2.
U

Proof. (of Proposition 7) We use the expression for 5 in equation (13) and S in equa-

tion (20), namely:

SBI'B'S=5(A—BTI"'Bf) + (A = 3BT 'B) S + pS + ©
BoBU'B'By = Q + B A+ A’y + pPs

Adding them up and grouping the terms:

SBI'B'S+ 3,BI'B'p,
=0+ Q — SBI 'B'By — BBI 'B'S+ (B2 + S)A+ A (Bo+ 5) + p (B2 + 5)

Rearranging it

SBTI'B'S+ 3,BI'B'y + SBT'B'B, + f,BI'B'S
=0+ Q+ (Bo+ A+ A (B2 +S) +p (B2 + S)

15



Using that

(S + 3) BI'B' (S + B3) = SBT'B' (S + 3,) + B2 BT 'B' (S + 5,)
=SBT'B'S+ SBT'B'f3y + s Bl 'B'f3, + , BT 'B'S

Then we obtain the desired result, namely:

(S + B2) BT™'B' (S + f)
=0 +Q+ (P +S)A+ A (B +5) +p (P2 +5)
which making P = S + 3, gives the desired expression for the Riccati equation for P. O

Proof. (of Proposition 8).
First we show that if E being positive definite is a necessary condition for the existence
of real symmetric solution P to equation (24). Let A=A+ £1,. Define the matrix K as

follows:
~ ~ !
K= (P _ A’C’) BIr'B (P _ A'C') where

where C' = (BI'™1B’)"". The matrix K is positive semi-definite since I' is positive definite

and P is assume to be symmetric and real. Developing this expression we get:

K = PBI'B'P — A'C'BI*B'P — PBT'B/(A'C") + AC'BT'B/(A'C")
— PBI'B'P - A'C'BI'"'B'P — PBI'B'CA+ A'C'BI''B'CA

Using that P solves equation (24), i.e. PBI'B'P = (Q 4+ @) + PA+ A'P, thus
K=(Q+0)+PA+AP—-AC'BI'B'P—PBI'BCA+ AC'BI'B'CA
=(Q+©)+P[I,-BI'B'C]lA+ A [C'BI"'B' - I,| P+ A'C'BT'B'CA
Using the definition of C'
K=(Q+0)+ACBI'BCA

—(Q+O)+ (A +2)(Br'B) " (A+2) =E

Since K must be is positive semi-definite, and £ = K this finishes the proof of the necessity.

Now we prove that if () + © is positive definite, then there is a unique solution to the

MFG. This follows by verifying the sufficient conditions for the existence of a negative definite
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solution P to equation (24). Since this is the same Riccati equation for a single agent LQ
problem, it is sufficient to show that the pair (Q +©,—A — £1,,) is detectable and that the
pair (B, —A — £1,) is stabilizable. This is identical to the proof of Proposition 1 except that
() + O takes the place of (). This finalized the proof.

O

Proof. (of Proposition 9) In this case we will first show that i the eigenvalues of H = H— 2r,
come in pairs \; (k) = —a(k) — 2k)2+0O(1/k) and Nisn(k) = =Xin = a(k) + 2(k) +O(1/k).
This means that );, the eigenvalues of H come in pairs \;(k) = —a(k)+O(1/k) and A\, (k) =
—Aign(k) = a(k) + p(k) + O(1/k).
We have that:
-G 0
R G

where R = BT'B' and G = Rf, — A — (a(k) + 2 1,,.
Let A be an eigenvalue of H with corresponding eigenvector v € C** with |[v|| = 1. The

eigenvalue equation Hv = \v gives:

—G'v; + Ovy = Ay (56)
RUl + GU2 = S\'UQ (57)

Solving for v;:
v = R_l </~\In — G) (%)

Note that vy # 0 is not zero, because it it were then Rv; = 0, a contradiction with R

invertible. Replacing into the first:
(@ + AR (A = G) + 6] v, =
Hence:

0 = det (—(G’ 4 AL)R! (Mn - G) + @)

= det ((G/ VAV (G - an) + @)
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Replacing the expression for G:

(' + \,)R™* (G - 5\In> +6
—(hR— A~ al, — §1,+ M) R (R — A~ al, 41, — ML, ) +©

—(BR — (A + (@ + §)1) + AL)R ™ (RBy = (A+ (a+ §)L,) = M, ) +©
=02 RBs — Bo(A+ (a+ §)1,) — Ba
— (A +(a+ D L)B+ (A + (a+ D L)R YA+ (a+ 8)L,) + (A + (a+ £)L,) R\
+ A8 — AR YA+ (a+2)I,) = AR'A+ 6
=PoRBy — Po(A+ (a+ 5)I) — (A + (a+ §)1,) B+ ©
+ (A + (a+2)L,)R ' (A+ (a+8)I,)
+ (A +(a+2)L)RTAN=AR YA+ (a+8)L,) — AR
=BoRBy — Po(A+ (a+ §)1,) — (A + (a+ 5)[)3 +©
+ (A" + (a+ L) [,)R A+ (a+8)I,)
+ ARTIN=AR'A - AR\
Recall that B3, satisfies

BoRBo = Q + Ba(A+ (a+ L)1) + (A + (a+ 8)1,)f
Replacing into the previous expression:

(G' + M, )R ((J — X]n> +0
=Q+0+ (A +(a+8)L)R A+ (a+2)1L)+ AR 'N—ARTA - AR'\
Then
1 8 L
0 :—det<(G’ 4 AR (G - )Jn) + @)

k2
—det(QK* + O /K + (A'/k* + (¢ + LR (A/k + (2 + $)T1)

+ AJkR'2 — AR AJk — 2RT1A

18



27 ) In)

For any £ > 0
0 =det (Q/K? + O/K* + (A'/K® + (& + ) L) R (A/k + (3 +

)

+AJkRT'2 —2RTTA/k — 2R712

Taking limits as k& — oo:
O :d6t<(a0 + %)R_l(ao + p?(]) - X()R_lj\()>

where \g = limy_,oo A(k)/k. Thus A(k) = £(ap + 2)k + O(1/k) or Ni(k) = —agk — 2k +
O(1/k?) and \iyn(k) = agk + 2k + O(1/k?). Which implies \;(k) = —aok + O(1/k?) and

)\H-n(k) = aok’ + pok’ + O(]_/k?2>
O
Proof. of (Proposition 10) For this proof we write the equation for the eigenvalues as in the
proof of Proposition 9. This gives that ) is an eigenvalue of H = H — eI, if

0 =det <(G’ AL R(K)! (G . X1n> + @)
= det(Q + O+ (A + 5L)R(k) " (A+ 41,) + A'R(k) ' A — AR(k) " A — XR(k;)—lx)

where R(k)™! = k*(B)'T'\B~! = k*R;" thus
0 =det (Q + 0+ kA + 2L )Ry A+ L1,) + K ARy — K*AR; " A — kﬁRﬁi)

k*det <Q//lc2 +O/k* + (A + 2I,)Ry (A + 21,) + AR;'A — ARy ' A — XRS“)

Taking the limit as k — oo then
0 :det<(A’ + 2L)Ry M A+ L) + (ARy' — Ry A) A — R51X2>

which can be written as:
0 =det (A (B —B)A— cﬂ?)

where A and C are two positive definite matrices. Define
D(p) = det (A + (B —B)u— c,ﬂ)

Note the following properties of D: (1) using that .4 and C ase symmetric, and that for any
19



matrix C, det(C) = det(A’), then D(u) = D(—pu), (2) using that A is positive definite, then
D(0) = det(A) > 0, and (3) then for large p we have D(u) =~ p?det(—C) = —p? det(C) < 0
where we use that C is positive definite. Thus we can find a real negative root A and a

positive real root satisfying 0 = D(j\o) = D(—S\O). Finally,

D(8) = det(A +(B -B)2— c<g)2)
_ det(A'RglA + Ry'(8)2+ ARy 2 + RyP AL + (A'Ry" — Ry'A) & — Ry'(

[S]psY

?)
— det (ARG A+ A'RG'S + Ry A + (A'Ry" - Ry A) §)

= det (A’RglA - A’R51p> >0

Thus, the roots ]5\| are larger than p/2, and of opposite sign. Hence, the limit for \;(k) =

]

Proof. (of Proposition 11). To compare the results with Wimmer (1985) we use the following
identification of X <+ —P for the symmetric matrix solving the Riccati equation, BB* «>
BT !B’ for the positive definite matrix, A <> —A — I,5 for the matrix for the linear part
of Riccati equation, and @ <> @ + ©’ for the symmetric matrix, where each of the left-hand
side symbols correspond to the ones in Wimmer (1985). Since —A has stable eigenvalues, the
pair (—A,'~%/2) is stabilizable. Indeed, the condition is that the real part of the eigenvalues
of Bl 'B'P — A — I,5 be negative, or equivalently that the real part of the eigenvalues of
BT"'B'P — A be smaller tan p/2. Then, by virtue of Theorem 1 of Wimmer (1985), then
Xo — Xj is positive definite, and thus —Py — (—P;) = P, — P is positive definite.
O

Proof. (of Proposition 13). A vector X is a steady state if we can find a vector 3; for which

-

Trivially, X = 31 = 0 solves this equation. Thus, a non-zero steady state requires that H be
singular, i.e. it requires that H has at least one eigenvalue equal to zero. Writing down the

equation in full:

0= (pl, -G +0'X
0=BI'BB+GX
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Using that BI'"'B’ is invertible, we can write
B =—(BI'B)'GX
Replacing £, into the first equation we get:
0= (G'(BI'B)'G+© — p(BI'B)'G) X = W(p) X
If X # 0, this equation implies that
0= det(W(p)) = det (G'(BI'B)"'G+ 0" — p(BI'B')"'G)
Note that using the definitions of G and S,

G'(BI'B)7'G = (BBl 'B' — A)(BI''B')"YBI''B'j3, — A)
BoBT "B’y = Q + A'By + Bo A+ pPo
Expanding the first equation we get:
G'(BI'B")'G = BT 'B'By + A(BI'B) 1A — A3, — A
Replacing B, BT~ B’3, into the second expression of the first equation we get:
G'(BI'B)'G=Q+ A(BI'B) A+ pp,
Replacing this back into the expression for the determinant, we get
0= det(W(p)) = det (Q+©"+ A (BT 'B') " A+ pB, — p(BT'B')'G)
=det (Q+ 6+ A (BT 'B')"A+ pB, — p(BT'B') (Bl 'B'3, — A))
=det (Q+© + A (BI'B)"A+ p(BI'B') ' A)
We are assuming that W(0) = Q+©'+ A’ (BT~ B’)~! A is positive definite, so det(W(0)) > 0.
Since W(p) = W(0) + p(BT"'B’)"*A, and W (0) is positive definite, then W (p) must have

positive eigenvalues for p small enough. Then, there must exists a p; > 0 such that for all

p € [0,p1), then det(W(p)) > 0. Thus for any p in this interval, the only steady state is
X =0.
Moreover, let A(p) be the eigenvalues of the matrix H(p). We have shown that X;(0) #

0 for i = 1,2,...,2n. Additionally, Proposition 5 shows that \;(0) = —X\,.;(0) for i =
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An(0) <0, i.e. for p =0, n eigenvalues of H(0)

1,2,...,n. Thus we A\;(0) < 0,X2(0) <O,...,
are strictly negative. Since all the eigenvalues of the matrix #H(p) are continuous functions of

p, then there must exists a py > 0 such that n of the eigenvalues of H(p) are strictly negative
for all p € [0, p2).
Taking p = min {p1, p2} we finish the proof.

O
Proof. (of Proposition 14) The MFG Hamiltonian matrix is just 2 x 2 and given by

p+a— Bayg' 0

1 —
—1 “173
B —a-+p B

where (3, is the negative root of

3.2
oS _ Ba(2a+ p) — g or

0=
B

3 2

&:He_ﬂﬁﬁ) L2

VB 2 2 VB

We have:
tr(H) =M + X2 = p and

D(C) = det (H) = )\1)\2
3 0
N
VB B
- PY L ) b
—( D) ) Gl g) =)
+
ala+p
—a(a+p) - -
We will use \; for the smaller root. Simple algebra gives
_ P (P PV _
M=t \/(2) det (H) and Ay = 2+\/(2) det (H)
q+0

where (/—)>2 —det (H) = (B + k) +
2 2 B
From here we get the expressions for the derivatives of A;. Since X (t) = A\ X (), we require

that A\; < p/2 so that fy(t) is bounded.
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Define two important threshold values for the parameter ¢ measuring strategic comple-

mentarity.

M=0= —0=—-0"=ala+p)yB+q

2
/\1:§ == —0:—9**573<g+a> +q

The classification of the equilibrium follows directly from the properties of the thresholds. In
particular, at the threshold —0*, the speed of convergence is \; = 0. At the threshold —6**,
then the speed of convergence is A\; = p/2. The fact that we can divide the space of — into
intervals follows from the monotonicity of A\; with respect to —0, i.e. it follows since \; is
increasing in —f. When —6 > —60** then the real part of both eigenvalues equals p/2, and

hence u(0,t) does not converges. This concludes the proof. [J

Proof. (of Proposition 15). We start noticing that the minimization of the Lagrangian L
with respect to A is equivalent to the Kolmogorov Forward equation, hence we include that as
part of the solution. The second step is to rewrite the part of the Lagrangian which involves
the constraints by repeatedly integration by parts. This will produce a linear expression on
m, with the exception of the term in Y.

We write the Lagrangian as

T

L(a,m,\) = Tlgrolo i e {L{(m(t)) — %/a’(x,t)Fa(x,t) m(z,t)dz| dt
- /OT/e_pt)\(a:,t) div ((Ba(z,t) — Az) m(x,t)) dx dt
+/O /e_”t)\(x,t) (3tr (Smgq(z,t)) — my(x, t)) dvdt

1. We start with the first term involving the divergence:

- /e_pt)\(x,t)div ((Ba(z,t) — Ax) m(z,t)) dz

= — /e_Pt/\(:E7t) Z ((Z B, o (x,t) — ZAijmj) m(x,t)) dx

=1 r=1 )
1
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For each term in the sum of the divergence, we reorder the integral to consider:

_ /)\($,t) ((Z B; yon(x,1) ZA,]:U]) m(x t)) dz;

Ty

:/ 2 (1) ((Z B o (z,t) ZAij:Uj) m(x,t)) dx;
t) ((Z B; o (z,t) — ZAij:Uj) m(x,t))

which using the assumed integrability of A and A, and the maintained assumptions

;=400

T;=—00

about the limits of m and m,;. Thus we have:
T
—/ /e’)t)\(a:,t) div ((Ba(z,t) — Az) m(x,t)) dz dt
0
T n k n
— / / e 'm(x,t) > Ao, (z,1) (Z Biyon(x,t) = Aijxj> dz dt
0 i=1 r=1 j=1

2. For the second term, we focus in the inside integral

/ A, O)tr (Smge(2,1)) de = e-ﬂtzzakj / / A, )My, (2, 1) day ... day,

Take the case of j = k and concentrate in the dz; integral:

[ At 00y = = [ s )y N O (60

Tj=—00

_ / Ay (0 a0, )z A iy (2,025 Ay, i, 75

= /)\xjxj(x, tym(x,t)dz;

where we eliminate the boundary terms under the assumption that A(z,t) and A, (w, 1),

and the maintained assumptions about the limits of m and m,.

Now we consider the case where j # k and change the order of the integrals so it reads:

/ / A, Ym0 (2, t)dady, = — / / Ao, (2, ), (2, t)daday, + / A, t)mg, (2, 1)] jj“’d

—//)\xj(as,t)mxk(x,t)dxjd:vk

24
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using again that A(z,t) stays bounded as any coordinate of |x;| — co. So we have:

// o, (T, )My, (2, t)drdT), = // o, (T, )My, (7, 1)dryd;

_/ [/ Aaja, (@, )m(x, t)day — Ay, (2, t)my, t)‘xk_%o} dx;
_ / Nayoe (2, ), )

where again we use that A, (x,t) stays bounded as any coordinate of |z;| — oo. Thus

we obtained:

T T
/ /G_Ptk(az,t)%tr (e (x,t)) dz dt :/ /e_ptm(l“,t)%tr (BAee (2, 1)) du dt
0 0

3. Third, the second part of the last term, we change the order of integration and write

for the inner integral:

t=T

—/0 M, t)e P'my(x, t)dt = /0 e N(x,t) — pA(z, t)] m(x, t)dt — e "N, t)m(x,t)

t=0

Let’s define L*(m, \) = max, L(a,m, \) as the Lagrangian maximized with respect to a.
We use the terms we computed above to rewrite the Lagrangian as:
T
L*(m,\) = lim e PU(m(t))

T—oo

k
—i—max/ /e Pt [— (z,t) oz, t) +Z>\ x,t) <Z B ra.(z,t) ZA”xJ>
=1 r=1

/0 /e”t [Ltr (SXea(z, 1)) — pA(z, ) + Ne(z, )] m(z, t)dadt
— /e_pt)\(x,t)m(x,t) =

m(x,t)dxdt

dx

t=0
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We differentiate L*(m, \) with respect to m(z,t) obtaining:

OL*(m, \; x,t)
om

=e " [—12'Qr — X(t) (6 + ©) 1]

k n
+maxe " | —1d/(z,t)la(z,t) + Z A (2, 1) (Z B o (z,t) — Z Az-jxj)
r=1 j=1

p
al@t) i=1

+ e P [Ltr (Shea(z, 1)) + Mz, t) — pA(z,1)]

for all 0 < ¢t < T and all z € R™. Note we can write:

n k n
H(Ay(x,t),2) = max —3a'Ta + Z A, (2,1) <Z B o, — Z A@-jx]-)
r=1 j=1

=1

= max —3a'Ta + N, (z,t) (Ba — Ax)

where A\, (z,t) is the n—dimensional vector of derivatives of A\. Thus we can write

_ OL*(m, \;z,t)
B om
pA(z,t) = =12’ Qr — X (¢) (0 + O)x + H(Ay(, 1), 2) + 2tr (X Apu(z, 1)) + No(, 1)

0

as equivalent to

The derivative with respect to m(x,T) gives:

lim e " \(z,T) =0

T—o00

Finally, we can use the envelope in the Hamiltonain to obtain the optimal value for a(z,t)

and thus write the Kolmogorov forward equation as:

my(z,t) = —div (Hy( A (2, t), x)m(z, 1)) + 5tr (Smae(z,t))
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Proof. (of Proposition 16) We fix a coordinate and evaluate the stochastic process of X;:

dX;(t) = d/xj my(z,t)dx
_ / n [_dw (Hy (v, X (1)), ) m(a, 1) + 5 (8 mm(x,t))} v, da dt
+ /Rn (m(x — T, t) — m(x,t)) x;dedNT(t) + / (m(x + 7Y, t) —m(z,t)) x;dedN (1)

= —/ Z (Hp, (ve(, X(t)), ) m(z,1)), @jdedt+Y;dNT(t) = Y;dN™(t)

Now we split the sum in two term:

Take a typical term ¢ # 5. Then

/Rn (Hp, (vg(x, X (1)), ) m(m,t))wi dr
= [ e X)), s

- /IGRH1 {lim Hy,(va(, X (1)), 2) m(z,t) — lim H,, (vy(2, X (1)), ) m(x,t)| do’

T;—>00 T;—r—00

which is zero using that ||z||*m(z,t) — 0 as |z;] — oo for any ¢. Thus
dX;(t) = —/ (Hp, (va(, X (1)), 2) m(2,t))  xjdedt+T;dNT(t) = T; AN (t)

_ / (a2, X ()BT B — o' A'] m(a, 1) dedt + T, dT (1)

where the equality uses the form the derivative of the Hamiltonian H,(p,z) = p'T~! — 2/ A".

In vector form, using that X is column vector:

X (1) = / [BI'Blu, (2, X(£)) — Az] mz,t)dedt + T dT(0)
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Using the form of the derivative of the value function:

AX (1) = / BU'B/[S1X + Sox] m(x, ¢) dt — AX(#)dt + T dJ (1)

= (B 'B'[S1 + S)] — A)JX(t)dt + Y dJ(t)

[

-~

M

4

Proof. (of Proposition 17). We start with the HJB in equation (30) where we have replaced

v and its derivatives using the form of v in equation (31):

) [SO + X'S1z + %ﬁ'SQ:B + %X/S;;X]

= —32'Qr — X'Ox

+ 30,(2, X) BT ' B'og (2, X)) — 5 (v,(x, X)' Az + 2/ A'vy (2, X))
+ 5tr (3.52) + vx(z, X)MX

+E[(X+Y)Si(z+ )

FE (XX T)Sia - T)
— K(X'Siz + 32'Sx + 1 X' S5 X)

Note that

EMX+T)Si(z+T)+ (@ +7T)Sy(z+T)+ (X +T)S3(X +T)]
FE (X =T)Si(z = T) + 3(x — 1) Sa(z — 1) + $(X = T)'S5(X = 1)]

2
:H(X/SLCL’ + %.Z'/SQJZ' -+ %X/S;gX + KT/(Sl -+ SQ + Sg)T

Replacing into the previous expression we obtain:

p[So+ X'Six + 1o/ Sow + 1 X' S5 X ]|
= —12'Qr — X'Ox

+ v, (2, X)' BT ' B'og (2, X) — 1 (v,(z, X)' Az + 2/ A'vy (2, X))

+ ’U)((I, X)/MX + %t?“ (Z Sg) + IQT/ (51 + SQ + 53) T
Replacing the the expressions for v, (z, X) and vx(z, X) which comes equation (31)

ve(x, X) = S1X + Sox and vy (z, X) = Sjx + S3X
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we obtain:

p S0+ X'Siz + Lo/ Sox + LX'S3X] = —12'Qr — X'Ox
+ L(X'S] 4+ 2'S) T (S1X + So)
— S [(X'S] + 2'95) Az + 2’ A" (S1.X + Syz)]
+ 2/ SIMX + X'SsMX + 3tr (S.55) + kY (S1+ G2+ S3) ¥

We can now match the coefficients for the constants, cross-products x with X and quadratics

terms of z and X . For the constant we have:
pSQ = %tr (E Sg) + HT, (Sl + SQ + Sg) T
For the cross-products we have:

X'pSiz = —X'Ox + X'LS|BI ' B'Syx + 2'$ 9, BT ' B'S| X
— X’%S{Ax - x’%A'SlX +2'SiMX

which can be written as:
X'pSixr = —X'0x + X'S|BI'B'Sox — X'S{Ax + X'M'S)x

and thus gives:

pS; = -0+ S Bl 'B'Sy + S|A+ M'S,
For the quadratic terms on x we have:

85, = —1Q + LS, BIIB'S, — (35,4 + 1A'S))

or

pSy = —Q + SoBI ' B'Sy — (S, A+ A'Sy)
For the quadratic terms on X we have:

28, = LSIT1S) + Sy M

2
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Proof. (of Proposition 18) First we add equation (35) and equation (36) obtaining
p(S1+8)=-0—-Q+S,BI'B'S; — SjA+ M'S| + SoBI' ' B'Sy — (S, A+ A'S,)
Then we replace M using equation (33) obtaining:

p(S1+52)

= -0 —Q+ S|BI'B'Sy — S{A+ ([S{ + S3] BT 'B' — A') S} 4+ S2BI ' B'Sy — (S,A + A'S,)
= -0 -Q+ S5 BI 'B'Sy+ S,BI'B'S, + S;BI 'B'S| + S4BT 'B'S;

—((S]+ S2)A+ A'(S] +5,))

Since Sy is symmetric this equation can be written as:

p(Si+S) =0 —Q+ (5] + S2)BI'B'(S] + Sa) — ((S] + S2)A + A'(S] + Ss))
If S; is symmetric we can write:

p(S1+8y)=—0—Q+ (S1+ S9)BI 'B'(S) + Sy) — (S1 + S9)A — A'(S; + S,)

or

PBT'B'P=(Q+0)+pP+PA+ AP
which is equation (24).
U

Proof. (of Proposition 19) The law of motion for a decision maker with z(¢) = x which faces

current state X. We want to characterize p* as a function of z and X solving:

dr = (Ba* (uy(x,t), 2) — Az) dt + XY2dW
= u* (x, X () dt + SV2dW

We collect the following result: the first order condition for a, the derivative of the Hamilto-

nian, the expression for u,, and the solution in a saddle path:

a*(ug(x,t), x) = I B'ug(z,t)
us(2,t) = Pi(t) + Box
Bi(t) = SX(t)



Then we obtain

p(Ba* (ug(z,t), x), x) = Ba™(uz(x,t), ) — Az
=Bl 'B'SX(t)+ (BT 'Bf; — A)x = Bl 'B'SX(t) + Gz
=JX(t)+ Gz

Then

W, X)=JX+Gr=[J+GX+Gx—X)
This completes the proof. [J

Proof. (of Lemma 4) First note that x(t) = (2(¢) + X(¢)) and given our assumptions
z(t) and X (t) are independent of each other, and z(t) follows a process dz(t) = Gz(t)dt +
YY2dW, where the eigenvalues of G are all strictly less than p/2. From here we get that
E[2(t)|2(0) = 0] = 0. On the other hand dX (t) = M X (t)dt + YdJ. We can write:

e "E [F(x(t), m(t)) + R(a(t)) |2(0) = X (0) = X]
3 )OX(t) — 5o/ ()l a(t) [£(0) = X (0) = Xo]
—32'(t)Qx t) ’(t)@X(t) |2(0) = X(0) = Xo]
3 (X (1) +2(t) — (X(t) + 2(t) ©X () [ X(0) = Xo, 2(0) = 0]
<e B[ X'(1)QX )— 37 (1)Qz(t) — X'(1)0X(t) [ X (0) = Xo, 2(0) = 0]

where we use the independence of z(t) and X (¢), and that £ [2(¢)|z(0) = 0] = 0 and that @
is positive definite.

e B [F(x(t), m(t)) + R(a(t)) [2(0) = X(0) = X,]
<e B [-1X(1)QX (1) — X' (OX (1) |X(0) = Xo, 2(0) = 0]
— B [X'(1) (2Q + ©) X (1) [X(0) = X,
=— B [X'(t)e™t (3Q +©) eT2X (1) |X(0) = Xo]

because () is positive definite. Finally, if the real part of the roots of M are larger or equal
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than p/2, then

B [F(x(t), m(t) + R(a(t)) [2(0) = X (0) = Xo]
< —BIX'(£)|X(0) = Xl e 2 (1Q + ) e 2B [X(1) | X (0) = X,]
= _W'(1) (AQ + ©) W (1)

where we define W (t) = c3E [X(t) | X (0) = Xy]. Using the process for X (t) we obtain that
Wi(t) = [M — I,5] W (t) with W (0) = X,. Diagonalizing the matrix M —1,,5 we obtain: M =

(A -1, ’—’) N1 where A is a block diagonal matrix where each of 1 < j < r < n Jordan
blocks corresponding to the j non-repeated eigenvalues of M. Thus K (t) = N~' W (t), so that
K(t) = (A —1,5) K(t) and then solution for each of the k blocks K;(t) = e(Ai=In)t K;(0),

or
W(t) = NE(t) = Ne( 8 N-1y(0) = Ne(A-T8) N1 x,

The matrix A is block diagonal, each bock A; corresponds the different eigenvalues and it is
of size s; x s;. The integer s; is the multiplicity of the corresponding eigenvalue. Thus, for

a matrix with r blocks, we have

e(M=1s )t 0 0 0
e(A,[ng)t B 0 (Az 152’2)) 0 0
0 0 e(brLr )t

where the exponential of each block satisfy
(=L B)t oAt =5t o1 q oMt — oMt Us(0)

for an upper triangular matrix U;(t) of size s; x s; which has zeros below the diagonal

satisfying
t2 551
1t 3 (SJ712)
%~
@(AJ Isjg)t—e(kj_g)t O L ' (sj'_2)' E€<>\J 2) eli®)
0 0 1
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Inserting this back:

e "B [F(x(
<-W't)(2Q+e)W()

— _X[I) (Nfl)/ (B(A—Ing)t>,N/ (%Q + @) Ne(A—Ing)thlXO

Suppose that there is a block with A; such that A\;+£ > 0. Without loss of generality, assume
it is the first block, i.e. 7 = 1. Because N has full rank, consider a value of the vector X, for

which the vector Y(0) = N~ X, has non-zero values only for all the coordinates except the

very first, so Y (0) = [0,0,...,0,1]". Then,

t),m(t)) + R(a(t)) |2(0) =

X(0) = Xo

Y (0) = N7'X(0) with ¥3(0) = 1 and Y;(0) = 0 for j = 2,3, ...

thus
[o(Mi—Ls §)t 0 0
Ao—Is, 2
c(A=1n8)ty (0) = 0 eltf)
] 0 0
[o(M=5)t U1(0) 0
O e(>\2—§)t€U2(t)
| 0
Since eY1(®)

tsl—l

t2
2 (s1—1)!
t5172
1) 0 _ o1 ¢t ... )
0 0 0 1

Then, the n x 1 vector is

e(A_I"g)tN_lXO = 6<A_I"§>tY(O) = e<
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is an s; X s; matrix with ones in the diagonal, and zeros below it, then



Hence
(e(A’Ing)tN_lX()), N (Q +©) NelMI8)iN—1 X,
— N (10 0) ],
> [V (3Q+©) N]

1,1)

(11)5m0>0f0ra11t20

where we use that N’ (%Q + @) N is a positive definite matrix, and hence the scalar [N’ (%Q + @) N} >
0. Thus,

/0 e P"E[F(z(t),m(t)) + R(a(t)) |x(0) = X(0) = Xo] dt < —koT

which diverges towards —oo as T' — o0.

Hence, if a root of M has a real part larger or equal to p/2 the value function of the
representative agent, i.e. the one with X(0) = z(0), diverges toward minus infinity for some
X(0).

[ ]

Proof. (of Proposition ??) Lemma 4 implies that all the roots of M = J + G have to have
real part strictly smaller than p/2. We use that if X is a root of the Hamiltonian matrix, so

it is —A + p, hence there is at most one set of stable roots for which the value function of an
agent with z(0) = X(0) is finite. =

Proof. (of Proposition 21). By hypothesis we can solve for 3, using Q, A, B,T and p as the
solution of equation (13). Using the data from the aggregate X (¢) we can estimate its auto-
covariance matrix which we denote as Uy y. This matrix satisfies Uy y = BI'""B'P — A, So,
under the hypothesis of the proposition, the matrix P satisfies PBI"'B'P = A'P + AP +
pP + @Q + ©. Subtracting B, we get S = P — [, which satisfies equation (20), and thus we

have:
© =SBl 'B'S—S(A-BI"'B'B;) — (A — BBl 'B') S — pS
O

Proof. (of Proposition 22) We proceed to find the matrices A, Q) and © in steps.

1. Solve for Uy y = BI"'B'P — A and U;. = BT~'B'3, — A. An autoregression of the
cross sectional averages using equation (38) gives U XX An autoregression of the firm

deviation z(t) using equation (39) gives U ..
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2. Find the matrix U, x = I'"'B’P using times series for {A(t), X (¢)} from equation (41).

3. Solve for S. The difference Uy x — U, = B[ 'B' (P — ;) = BI'"'B'S. Since we as-
sume that B[ B’ is known and invertible, we obtain: S = (B[ 1B’)™" (UX,X —Us.).

4. Solve for A. Using B, and the matrices Uy x and U, x, equation (38) imply A =
BU, x — Uy x-

5. Solve for 3. Using equation (39), and A we get By = (BT 'B') "' (U, + A).
6. Solve for P. Using equation (38), and A we get P = (BI'"!B/)™" (Uxx +A4).

7. Solve for (. Use the Riccati equation for (s, the already solved values of A, B and B,

and the assumption that p is known to solve for ) as:
Q= P2 BU'B'fy — (pfa + P A+ A'f2)

8. Solve for ©. Use the known values of Q,I', A, B and P into the Riccati equation for P

o solve for ©;

© =-Q+PBI 'B'P—(pP+PA+ AP).

O

Proof. (of Proposition 23) First, note that having access to the time series for a(t), the
equation (40) allows to estimate U, , = [ "1 B'3,. If we go back to the end of the proof for
Proposition 22 were we have identified already P, f5, A given p, B and I". Now, replace the

expression obtained for 3, to obtain

Uy.=T"'B (BI'B) ™! (U.. + A) or
Ua,z = B_l (Ué,z + A)

We now use that in Proposition 22 A was shown to satisfy, A = BU, x — Ux x so:

Ua,z = B_l (Ué,z + BUO&,X - UX,X) or
Umz — Ua,X = B_1 (Uz,z - UX,X)

So, the issue is under what conditions either U, , — U, x or U, . — U, x are invertible. For
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instance
B = (Uz"z - UX,X) (Ua,z - Ua,X)_l

Recall that U, , — U, x = ["'B'(P — ;). Now we use our assumptions. Note that if
© + Q is positive definite, then P is negative definite. Also, since Q is positive definite, /35
is also negative definite. By Proposition 11 if © is negative definite, then P — /3, is positive
definite, and hence in invertible. If on the other hand, © is positive definite, then P — B, is

negative definite, and hence invertible.

O

Proof. (of Proposition 24) We add to the equation (43) and equation (42) the Riccati-like

equation for S:
SBI'B'S=S5(A— BT 'B'B,) + (A= 3BT 'B') S + pS + & (58)

To analyze these three Riccati-like equations we consider the general case of symmetric

matrices Z and W, each split in four blocks, and satisfying:
ZBU\B'Z = ZA+ AZ + pZ +W

where the matrix A has the same block structure than the matrix A. Direct computations

gives

BiI'B, 0
0 0

BI'B' =

oo 4 [t 4

We can now evaluate the quadratic expressions

ZBI\B'7 — -Zn AP BlrilBi 0| [Z11 Zi2
_Zgl ZQQ 0 0 ZQl Z22
_ -leBlrilBi 0| [Z11 Zi2 _ Z1lB1rleiZn Z1131F7131212
Z2131F_1Bi 0| [Za1 Za2 Z2lB1F_1BiZn Z2131F_1Bizlz

which is symmetric provided that Z is symmetric. We also compute the two linear terms in
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7i— Zu Zi| |An A _ InAn ZnAg+ ZipAgy
_Zz1 Za 0 A22_ _Z21A11 Zo1Avg + ZpAgo
A7 — 1‘:1'11 0112 22| _ | 121'1121} ) A'nZlg
Aty A |Zn1 Zm| | AnZu+ Ayl ApZin+ Ayl
Thus, we get:
ZA+ A7 — Zn Ay + 121/11211 Ay + ZipAg + 121/11Z12
Zon A + Ay Zin + Ay Zoy ZoyAvg + ZagAgg + Ay Z1o + AbyZos

which is symmetric provided that Z is symmetric. We can write the Riccati equation for
Z as three separate matrix equations for the different blocks —there are only three due to

symmetry. For the n; x ny; block we have:
ZnBlF_lBiZn — Zn Ay + 121/11Z11 + pZy +Wn

which can be considered as a Riccati equation by itself. A sufficient conditions for a negative
definite solution Z3; is that [Bj, —12111] be stabilizable, and [C11, —12111] be detectable for
C1,C11 = Wip. The off diagonal block is:

ZuB\ U 'B Zy; = Zn A + ZroAgs + A’nzm + pZig + Wha

Given the solution for Z;; obtained in the previous equation, this is a linear equation in Zs.

Given the symmetry of the solution, Zy; = Z],. Finally, we can solve for the last ny x ngy
block as:

22131F7131222 = Z211‘~112 + 121/12212 + 22212122 + 121/22222 + pZag + Wy

Given the solutions for Z5;, Z15 and Z;; obtained above, this is a linear equation in Zs,.
Thus, the recursions and expression for the three blocks of Z can be applied for /35 and
P by letting A = A and by a convenient choice of W, ie. W = Q for By and W = Q + ©’
for P. The expression for the equation for S requires one more argument, because the linear
terms in this Riccati equation involve the matrix A = A — B[ "'B’j,. In particular, to show
the block recursive structure of the Riccati equation for S we require to show that with this

choice of A has the same block structure as the matrix A, i.e. zeros in the lower left block.
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To see this, note we have:

BB, 0
0 0

Blr_lBiBQ,ll Blr_lBileQ

Bl 'B'3, =
B2 0 0

6_2,21 62,22

[52,11 32,12

Thus, this matrix has zeros in the lower left block. Likewise, by a similar computation we

have:

Blf’lBiPH BlFilBiPH
0 0

BI'B'P =

Now we use the expression for the equilibrium law of motion. We have X = [J + G] X, where

x@
X2

Due to the zeros in the lower left block, the eigenvalues of the law of motion for X, i.e the

can be written as:

X
[X@)] = [J+ G

x @)
X2

B\I''B{P;y — Ani Bil'B{Piy — Ay
0 —Ag

ny + ny eigenvalues of J + G are given by the n; eigenvalues of BT~ 'B{P;; — Ay and the
no eigenvalues from — Ags. To see this, notice that the equation for the eigenvalues is
BIF_lBiPH — AH — ]nl)‘ Blr_lB£P12 — A12

0 = det
0 —Agy — I\

= det (BlF*IBiPH — AH — In1>\) det (_A22 — InQ)\>
where we use that the determinant of a block diagonal matrix is the product of the determi-

nants of the blocks in the diagonal.

Finally, we sketch the argument that under the assumptions (i), (ii) (or (ii)’) and (iii)
there is a negative definite solution to equation (42) and equation (43). What needs to be
shown is that under these assumptions, then stabilizability and detectability hold for the
entire respective (n; + ns) X (ng + ng) Riccati-like equations. This is a consequence of the
block of zeros on the matrix B and in the matrix A, and the assumptions (i), (ii) (or (ii)’)
and (iii).

O

Proof. (of Proposition 25) Using the definition of M, differentiating with respect to time,
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and replacing the Kolmogorov forward we have:

M(1) = /x’"m(x,t)dt

_ / (Hp(ua(z, 1), x)m(z, 1)), 2" da + % / "My (2, ) do

First we show that:
o? ; r
5 /% Mye(x,t) de = ———— M, _5(t)

which follows from integrating by parts the second term twice, and using that the level and

derivatives of m vanishes with respect to x at x = +o00. In particular, let r =2,3,...7:

/xrmm(a@, t)dr = 2" mg,(z, )220 — T/xr_lmm(x, t)dx

= 2 Mg (2, 1) 212 — 2" Iy (2, 1) P22 1 (r — 1) /xT_Qm(x, t)dx

T=—00

=r(r—1)M,_5(t)
Note that, in order to write the same expression for all » we can take

My(t)=1and M_4(t)=0all t

Second, we analyze the first term. Integrating by parts and replacing the derivative of

the Hamiltonian we have:
- / (Hp(uz(z,t), x)m(x, 1)), x"dx

r=—0Q0

N r/ (V5 ua(z, t) — az) m(z, t)a" do + (v5' ua(z, t) — ax) m(z, t)"[224
- T/ (5 ua(w,t) — az) 2"~ m(w, t) do

Using both terms we have

M, (t) = r/ (Vg us(z,t) — az) 2" 'm(z, t)dx +
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Now we can replace that u,(x,t) = B1(t) + B2z to get:

r(r—1)o?

B M,,_Q(t)

M,(t) = T/ (Vg (Bi(t) + Pozx) — ax) =" " m(z,t) dx +

=175 Bi(t) /xrlm(xv t)de +r (’Y;Bz — a) /:CT m(z,t)dx + w

r(r—1)o?
2

M, _5(t)

=7 (75" B2 — @) My(t) + 75 B () My () + M,_5(t).

which finishes the proof. [
Proof. (of Proposition 27). We will show below that the eigenvalues of H satisfy:

:\1 + 5\7:+1 =p and 5\1 X;_ﬁ.l == D (01, 03, N ,Hf_l) (59)
AM=-rb<O0forr=234,..,F (60)

where

r—1

(p+ )b+ 5" Z r M, Hr] , with b = a — 75" s

r=1,3,...

Given this characterization, we can use the two equations to obtain the quadratic equation
0= D — pX+ (\)? which is solved by A\; and A1 as function of p/2 and D. This gives:

F-1
Sern = 240/ (2Y b +158 =L+ /(2 40) ++5' where 6 = M, 16
L= G 5 +(,0+)+’yB =5 §+ + 5 0 where 6 = rM,._10,
r=1,3,...
Using that
_ 2
§+b=§+a—vglﬁg=\/(§+a) +75'g
then

~ B P p 2 -1 _
AF+1,1_§:|: 5"’@ +’YB (q+0)

The rest of the proof, to obtain the expressions in equation (59) and equation (60) proceeds
in two main steps. First we consider the dynamics for the even moments deviations, and
then the one for 5; and the odd moment deviations.

Even moment deviations. Let » = 2,4, ...,7. Since in this case M,_; = 0 , then Bl does
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not enter in the o.d.e. for these moments, i.e. we have:

CAL() =7 (15 B — a) L) +

Note that for r = 2 we have ]\7[1_2 = Mo = 0, so we can solve this system recursively as follows.

Let the 7/2 even moments be Yo e, = (MQ, M4, .

, MF) as follows: Yeven(t) = B Yeyen(t) where

-2b 0 0 0 0 0
602 —4b 0 0 0
0 1502 —6b 0 e 0
B=1]0 0 2802 —8b 0 0
0 0 0 450% —10b
o 0 o0 0 0 H=NE g
Clearly, the eigenvalues of B are —rb for r = 2,4,...,7. Since the system is recursive, they

are also the eigenvalues of H.

Odd moment deviations and co-state. Now we turn to the system with 4y and the 7/2

odd moment deviations. We let Y,4q = (51, Ml, Mg, ey

system Yodd(t) = AY,44(t) where:

p+b 0, 05 05 67 Oy 053 Or—1
5 b 0 0 0 0
35t M, 302 =3b 0 0o ... 0
Bygt My 0 1062 =56 0 0 0
Tvg' Me 0 0 22 =7 0 0
A=1" oy 1 0 0 0 3602 -9 0 0
: 0
0
: : : : : 0
(=1 My O 0 0 0 .. CNE2” (- 1)b |

M,:_l). These vector solves the o.d.e.

Now we proceed in three steps.

Step 1. This step shows that —rb is an eigenvalue of A for r = 3,5,...,7 — 1. We
use A(F) to denote the (7/2 + 1) x (7/2 + 1) matrix described above. Likewise we use
I(7) for the identity matrix of the same size. The proof proceeds by induction. First we
show that it is true for 7 = 4. In this case we have det(A(4) 4+ 3bI(4)) = 0. This holds

41



by simple computing det(A(4) + 3bI(4)) = 05 (3v5'0% — 2b x 3y5'M>) and using M, =
0%/(2b). Then, as the induction step requires, assume that any 7 > 4 the negative scalars
{=3b,—5b,...,—b(F — 1))} are eigenvalues of the (7/2 + 1) x (/2 + 1) matrix A(7). Note
that this means that det(A(7) + rbI (7)) = 0 holds for any 6,05, ...,0-_1. This means that,
developing the determinant of A(7) + rbI(F) by its first row, the cofactors of the first row

and column corresponding to €, must be zero. In symbols,
det(A(f)Lj + Tb[(f)) =0

for any r < 7 —1 and j = 2,3,7 — 1, and where the sub-indices in the matrices indicate

elimination of the row and column.

Finally, to complete the induction step, we need to show that {—3b,—=5b, ..., —b(F —
1), —b(r 4+ 1)} are eigenvalues of the (7 +2)/2+ 1) x (7 + 2)/2 matrix A(r +2). To establish
that {—3b, —5b,...,—b(F — 1)} are eigenvalues of A(7 + 2) we fix an eigenvalue —rb with

r <7 — 1, and expand the determinant of A(7 + 2) + rbI(7 + 2) by its first row. The sub-
matrix that is obtained eliminating the first row and a column greater or equal to 2, is equal
to a matrix obtained by eliminating the first row and same column of A(7) but where its last
column has zeros, except in the the last element, and that it has an extra row at the bottom.

In symbols:

A7)y + rbI(F) 0

A(F 4 2)1; +rbI(F+2),, = —(F+1)b+7b

where 0 is a column vector with 7 /2 4 1 zeros, and where the subindices on a matrix denote
elimination of the corresponding row and column. Thus developing the determinant of this
matrix by its last column, and using the previous step from the induction we obtain that

—rb is an eigenvalue of A(7 4+ 2). Thus
d@t(A(f + 2)17]‘ + Tb](f + 2)17]') = d€t<A(f)1’j + T’b]r-)<—(’l: —|— ].)b + T’b) = 0

it remains to show that —(7 4 1)b is an eigenvalue of A(7 4 2). The computations are now
more involved, so we use a symbolic language (Mathematica) to verify it.

Step 2. Compute the determinant of A. This determinants equals:

r—1

det(A) = —b(—3b)(=Tb)(=9b) ... (—(F — 2)b)(—(F — 1)b) |b+ p + vaB S M6,

To show this expression, one can use induction on 7. Since the computations are involved,
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we use a symbolic language (Mathematica) to verify this expression.
Step 3 Use the previous two steps to obtain an expression for the first two eigenvalues. We
denote the 7/2 + 1 eigenvalues as follows A\ = —rbforr = 3,5,...,7— 1, and the remaining

two A; and A~ 1. Finally we can use that for any matrix A, then ijm S\j = tr(A). Hence

7+1 r—1

Since we have shown that A\, = —rb for j = 3,5,...,7 — 1, then we can write:
5\1"‘5\7—«4_1: <p+b)—b:p

We can also use that for any matrix A then Hii}“ A\ = det(A). Hence, using the

formula for the determinant:

r+1 F—1
~ 1 _
A= (=b)(=3b)(=5b) ... (—(F=1)b) |p+b+— Y rM_y6,
r=1,3,5,... byB r=13,...

Which, after dividing by the eigenvalues A\, = —rb for r = 3,5,...,7 —1 gives the expression:

5\1 Arp1 = —

F—1
(p+b)b+75" Y TMT_19T]

r=1,3,...
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